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1. (a) Forn >1 define

a, = vVn+1—+/n.

(i) Show that a,, — 0. (4 marks)

(i) Prove that v/na, — 3 as n — 0o, using the e~N definition. (2 marks)

(b) Does the series > a, converge or diverge? Justify your answer. (3 marks)
n=1

(c) Show that the alternating series

Z(_l)n_lan

n=1

converges. Moreover, if s is its sum and sy := %, (—1)""!a,, prove that
ls — sn| < aniq (N >1).
(5 marks)

(d) Consider the power series (complex variable z)

F(z) = a,z".
n=1

(i) Show that F'(z) converges absolutely for all |z| < 1, and that it diverges for z = 1.
Deduce that the radius of convergence is R = 1. (3 marks)

(i)  Investigate convergence on the unit circle at the points
z=—1, z=¢e" with £ 0 (mod 2r).
(3 marks)

(Total: 20 marks)

2. (a) Let f:]0,1] — R be continuous. Assume that f(q) = 0 for every rational ¢ € [0, 1]. Prove
that f(z) = 0 for every x € [0, 1]. (6 marks)

(b) Let f:(0,1) — R be continuous. Assume that the one-sided limits
xlir(r)l‘*‘ f(l') and :cllgl— f(x)
exist and are finite.
(i) Define a function F : [0,1] — R by setting F(z) = f(z) for x € (0,1) and choosing
F(0), F(1) appropriately. Prove that F' is continuous on [0, 1]. (4 marks)

(i)  Using Heine's theorem, deduce that f is uniformly continuous on (0, 1). (4 marks)

(c) Consider the function g : (0,1) — R given by

g(x) = sim(1 ! )

—x
(i) Show that g is continuous and bounded on (0, 1). (2 marks)
(i)  Show that g is not uniformly continuous on (0, 1). (4 marks)

(Total: 20 marks)
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3. (a) For the following statements indicate whether they are true or false (1 mark), and give a short
proof or counterexample of your answer.

(i)
(i)
(iii)

(iv)

Let g : [0,1] — [0,1] and f : [0, 1] — R be Darboux integrable. Then the function fog
is Darboux integrable on [0, 1]. (3 marks)

If f,g are convex on an interval, then the function max{f, g} is convex on that interval.

(3 marks)
Let f : I — J be a bijection between the open intervals I,.J with inverse g : J — 1.
Assume both f and g are differentiable on their respective domains. Then f’(x) # 0 for

all z € I. (3 marks)
The function f defined as f(z) = 22 if x € Q and f(x) = 0 otherwise, is twice
differentiable at x = 0. (3 marks)
(b)  For the following definitions and theorems, state them precisely emphasising all the correct
hypotheses.
State the definition of a Darboux integrable function (you must define upper and lower
sums). (2 marks)
State Taylor's Theorem for order n with Integral form of the remainder. (3 marks)

State L'Hopital's Rule (in either of the forms we saw during the lectures or problem
sheets). (3 marks)

(Total: 20 marks)

4. (a) Show thatif f : [a,b] — R is bounded and continuous except at a finite number of points,
then f is Darboux integrable on [a, b]. (5 marks)

(b) Let f:[0,00) — R be continuous and twice differentiable on (0, c0). Assume that f”(z) > 0
for all z > 0 and that f is bounded on [0, c0).

Show that f is non-increasing on (0, 00). (2 marks)
Show from the definitions of infimum and limit, that xhﬁrgo f(z) exists and is finite.

(3 marks)
Show that lim f'(z) =0. (4 marks)
Show that zf'(x) < f(2z) — f(z) < zf'(2z) for all x > 0. (4 marks)
Hint: integrate f'(x) on the interval [x,2z].
Conclude from (iv) that lim zf'(x) = 0. (2 marks)

(Total: 20 marks)
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(i) Since v/n+ 1 > /n we have a,, > 0. Rationalising,

o JiET _\/ﬁ:(\/ﬁ—\/ﬁ)(erﬁ): 1 |
Vn+1++n Vn+1++n
Hence for all n,
0< ! < L
ap = < —
VR+1+yn = V/n
Let £ > 0. Choose N > ¢~ 2. Then for n > N,
1 1
0<ap<—4=<-—=<e¢
n N
Thus a, — 0.
(ii) From (i),
1
\/ﬁan \/ﬁ

Ve ERV N
n

Let £ > 0. Since % — 0, we may choose N such that for all n > N,

1
‘ﬂ/u_l
n
Then for n > N we have
) IR
- — ) =L

<e.

1 1 €
-3 _5,/1+——1 <3
1+141 2(y/1+ £ +1) "
So vna, — 3.
The partial sums telescope:
N N
dap=) (Vn+1-vn)=VN+1-1
n=1 n=1

Since VN +1—1— 00 as N — 00, the series > ° | a, diverges (to +00).
From (a)(i) we have a,, > 0 and a,, — 0. Also a,, is decreasing since

1 1
a = < = Ap.
T 2+ vntl Vantltyn "

Hence by the alternating series test, > oo, (—1)""'a,, converges.

For the remainder estimate: set s = >.°° | (—1)" a, and sy = SN (=1)" La,,.

By the alternating series remainder theorem (or by bounding tails),

’8 - SN‘ S aAN+1 (N Z 1).

(i) If |z| < 1, then using a, < ﬁ from (a)(i),

9] 9]
> lan2" <) Jal",
n=1 n=1

meth seen ||

4, A

2, B

meth seen |}

3, A

meth seen ||

5, B

meth seen ||



which converges. Hence F(z) converges absolutely for all |z] < 1.

At z = 1 we have F(1) = > >° | ay, which diverges by part (b). Therefore the
radius of convergence is R = 1.

(ii) At z = —1 we have F(—1) = > > ,(—1)"a,, which converges by part (c)
(conditional, since ) a,, diverges).

Let 2 = e with # £ 0 (mod 27). Then the partial sums of 25:1 2™ are bounded:

N N
12N 2
g 2=z : , g 2" < .
1—2 |1 — z|
n=1 n=1

Since a, is decreasing and a, — 0, Dirichlet's test implies that Z;'Lozl anz"
converges for all such z. The convergence is not absolute on |z| = 1 because
|an2"| = ap, and > a, diverges.
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2. (a) Fix z € [0,1]. Choose rationals g, € [0,1] N Q with ¢, — z (density of Q). By

continuity,
flx) = lim f(gn) = lim 0=0.

Since x was arbitrary, f =0 on [0, 1].
©) 0 pein

F(x) = f(z) for x € (0,1), F(0):= lim f(x), F(1):= lim f(z).
z—0+ z—1—
Then F' is continuous on (0, 1) because it equals f there. To check continuity at
0, let £ > 0. By definition of F'(0) there exists § > 0 such that |f(z) — F(0)| < &
whenever 0 < z < §. But for such z, F(z) = f(z), hence |F(z) — F(0)| < ¢ for
0 < x < 4, so F is continuous at 0. The argument at 1 is identical using the limit
lim, ;- f(xz) = F(1). Thus F is continuous on [0, 1]. 4, B
(i) By Heine—Cantor (Heine's theorem), a continuous function on a compact
interval is uniformly continuous. Since F' is continuous on [0, 1], it is uniformly
continuous on [0, 1]. Restricting to (0, 1), we get: for every € > 0 there exists § > 0
such that for all z,y € (0,1), if |[z—y| < d then |f(x)— f(y)| = |F(x)—F(y)| < e.
Hence f is uniformly continuous on (0,1). 4, D

() (i) The map = — 1 — z is continuous on (0,1) and never zero there, hence

x — L is continuous on (0,1). Since sin is continuous on R, their composition

g(z) = sin({X>) is continuous on (0,1). Also |sin(-)| < 1, so [g(z)| < 1 for all

x € (0,1); thus g is bounded. 2, A
(i) Let
1 1
=1 =1 > 1).
Y 21n ‘ 2mn + 5 (n=1)

Then z,,y, € (0,1) and z,, — 17, y, — 1~. Moreover,

9(yn) = sin(2mn) = 0, g(xn) = sin(27rn + g) =1,

so |g(xn) — g(yn)| = 1 for all n. On the other hand,

1 1

— — 0.
2mn  27n + g

’xn - yn| =

Take ¢ = % For any 6 > 0, choose n large enough that |z, — y,| < J; then
|g(xr) — g(yn)| = 1 > €. Therefore g is not uniformly continuous on (0, 1). 4, D
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3.

()

(i) False. Take g to be Thomae's function on [0, 1] (Darboux integrable) and f
defined as f(0) = 1 and f(z) = 0 for = # 0 on [0, 1] (Darboux integrable). Then
(fog)(x) =1iff z ¢ Q, and zero otherwise. This is the Dirichlet function which
is not Darboux integrable.

(ii) True. Let h = max{f,g}. For z,y and X\ € [0, 1],

O+ (1 =XNy) <Af(x) + (1 =N f(y) < A(z) + (1 = A)h(y),

and similarly for g. Taking the maximum gives h(Az + (1 — N)y) < Ah(z) + (1 —
A)h(y), so h is convex.

(iii) True. Since g = f~!, we have go f = id;. Differentiating,

1=(go f)(z) =4 (f(x)) f'(2),
so f'(x) #0 for all z € I.

(iv) False. The function is not differentiable on a neighborhood of 0. In particular
F’(zx) is not defined near 0, therefore it cannot be twice differentiable at 0.

(i) Definition (Darboux integrable). Let f : [a,b] — R be bounded and let
P:a=zy<z1 <---<xy =0b be a partition. Set

M;= sup f(z), mi= _inf f(z),

T€[Ti—1,25] T€[xi—1,%]

and define the upper and lower sums

§M _le gmzz le

Define o := infp U(f, P) and § := supp L(f, P). Then f is Darboux integrable
on [a,b] if a = f.

(ii) Taylor’'s Theorem (order n, integral remainder). Assume f has n + 1
continuous derivatives on an interval containing a and x. Then

f(z) = kzn:zo f(k;!(a) (x —a)k + % /ax(x — )" D (1) dt.

(iii) L’Hopital’s Rule (one standard form). Let f, g be differentiable on (a,b)
with ¢'(z) # 0 on (a,b) and assume lim,_,,+ f(z) = lim,_,,+ g(x) = 0. If the

limit lim 4.&)

; = L exists, then
z—at g (x)

:(:Ha"" l’)
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4.

()

Assume f : [a,b] — R is bounded and continuous except at finitely many points
€1y, Cm. Fixe>0and let M = supy, ) |f|. Choose disjoint intervals I; around
cj so that the total length satisfies 37", [I;| < £/(4M). On the compact set
K = [a,b] \ UjL, I}, the function f is continuous, hence uniformly continuous, so
there is a partition P fine enough so that the oscillation of f on each subinterval
contained in K is < ¢/(2(b — a)). Finally, if we understand P as a partition of
[a, b], then

£
AM

m
9
b— 2M Ii| < -+2M-
(b-a)+ ;m 5+

U(f,P)—L(f,P)S €.

2(b—a)
Hence f is Darboux integrable.

(i) Since f”(z) > 0 on (0, 00), the derivative f’ is non-decreasing on (0,00). If f

were not non-increasing, there would exist 0 < = < y with f(y) > f(x). By the

) - T@) o
y—x

/" is non-decreasing, f'(t) > f’(c) > 0 for all t > ¢, hence for z > ¢,

Mean Value Theorem, there is ¢ € (x,y) such that f'(c) =

£6) =10+ [ POt = 10+ 10— ) — +o,

contradicting that f is bounded above. Thus f is non-increasing on (0, 0), and
by continuity at 0 it is non-increasing on [0, 00).

(ii) Since f is non-increasing and bounded below, the number ¢ := inf,>¢ f(x) is
finite. Let ¢ > 0. By definition of infimum, choose z. > 0 with f(z.) < £+¢. For
all z > x., monotonicity gives £ < f(x) < f(z:) < £ +¢, hence |f(z) — | < e.
Therefore lim,_,, f(z) = ¢ exists and is finite.

(iii) From (i), f is non-increasing, so for x > 0 and h > 0,

fa+h) — 1) _,
=1 <o,

and letting h — 07 gives f/(x) < 0 for all z > 0. Also f” > 0 implies f’ is non-
decreasing, hence f’ is monotone and bounded above by 0, so L := lim,_,, f'(z)
exists with L < 0. If L < 0, then for some R > 0 we have f/'(z) < L/2 < 0 for all
z > R, and

Fa) = @)+ [ 70 < f0)+ G- 7)o o,

z—00
contradicting boundedness below. Hence L = 0, i.e. lim, o f/(x) = 0.
(iv) Since f’ is non-decreasing, for t € [x,2x] we have f'(z) < f'(t) < f'(2x).
Integrating over [z, 2z]| yields

2z

xf'(z) < () dt < zf(2x).

T

By the Fundamental Theorem of Calculus, f;w f'(t)dt = f(2x) — f(x), hence

2 (@) < f(20) - fa) Saf'(20) (&> 0).



(v) Apply (iv) at = and at x/2 to obtain
vf'(z) < f2z) = f(z),  2(f(2) = f(2/2)) < af'(@).

Thus
2(f(x) = f(z/2)) < af'(z) < f(2x) — f(x).

Let £ = limy o0 f(x) from (ii). Then f(2x) — f(x) — 0 and f(z) — f(x/2) — 0,
so by the squeeze theorem lim,_,~ = f/(z) = 0.
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Review of mark distribution:
Total A marks: 32 of 32 marks
Total B marks: 20 of 20 marks
Total C marks: 12 of 12 marks
Total D marks: 16 of 16 marks
Total Mastery marks: 0 of 20 marks
Total marks: 80 of 80 marks
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