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1. In this question there is no need to give proofs, except where you are explicitly told to do so.

(a) Define what it means for a set S to be countably infinite. (1 mark)
Let S be the set of all sequences (an)n≥1 with an in the set with two elements {0, 1}.
Is S finite, countably infinite or uncountable? (1 mark)
Let T :=

{
(an)n≥1 ∈ S : ∃N ∈ N such that an = 0 ∀n ≥ N

}
be the subset of sequences

which are eventually zero. Is T finite, countably infinite or uncountable? (1 mark)
Fix N ∈ N and set U :=

{
(an)n≥1 ∈ S : an = 0 ∀n ≥ N

}
.

Is U finite, countably infinite or uncountable? (1 mark)

(b) Suppose S ⊂ R is nonempty and A ∈ R satisfies
(
∀ε > 0 ∃ s1 ∈ S such that s1 < A + ε

)
and

(
∀ε > 0 � ∃ s2 ∈ S such that s2 < A − ε

)
.

Either prove that sup S, max S, inf S or min S exists and equals A, or give an example
where none of these is true. (4 marks)

(c) For each of the following statements about a real valued sequence (an)n≥1,

(i) ∀N ∈ N ∃ a ∈ R such that ∀ε > 0, ∀n ≥ N, |an − a| < ε

(ii) ∀a ∈ R, ∃ n ∈ N such that ∀ε > 0, |an − a| < ε

(iii) ∃ a ∈ R such that ∀N ∈ N ∀ε > 0 ∃ n ≥ N such that |an − a| < ε

(iv) ∃ ε > 0 ∃ a ∈ R ∃ N ∈ N such that ∀n ≥ N, |an − a| < ε

(v) ∀ε > 0 ∃ N ∈ N ∃ a ∈ R such that ∀n ≥ N, |an − a| < ε

state which of the following (A)-(E) it is equivalent to:
(A) Bounded (B) Has a convergent subsequence (C) Convergent
(D) Constant (E) Impossible (5 marks)

(d) Let (an)n≥1 be a sequence of real numbers.
Define what it means for an to be convergent. (1 mark)
Define what it means for an to be divergent. (1 mark)
Give an example of a divergent sequence (an) that satisfies

∀ε > 0 ∃ N ∈ N such that ∀n ≥ N, |an+1 − an| < ε. (∗) (1 mark)

Suppose now that (an) satisfies (∗) and a2n → a. Prove carefully that an → a. (4 marks)

(Total: 20 marks)



2. In this question you should work from first principles, carefully proving anything you use.

(a) For n ≥ 0 show that
√

1 + 1
n

≤ 1 + 1
2n

. (2 marks)

(b) For n ≥ 0 show that
√

n + 1 − √
n ≤ 1

2
√

n
. (2 marks)

(c) (i) Let (an)n≥1 be a sequence of real numbers. Define what it means for
∑∞

n=1 an to
converge. (2 marks)

(ii) Prove carefully that
∑∞

n=1
1√
n

is not convergent. You should work from first principles,
proving any results that you use. You may use part (b) if you wish. (7 marks)

(d) Suppose an ≥ 0 ∀n and converges to a ∈ [0, 1). Prove
∑∞

n=1 an
n converges.

(You may assume that a sequence of real numbers converges if it is bounded above and monotonically
increasing, but anything else you use should be proved from first principles.) (7 marks)

(Total: 20 marks)

3. In this question you may use any results from the course that you state correctly.
Let (an)n≥1 be a sequence of real numbers.

(a) (i) Suppose an → a > 0. Show ∃ N ∈ N such that an > 0 ∀n ≥ N . (2 marks)
(ii) Fix k ∈ N and define bn := k

√
an+1an+2...an+k for n ≥ N . Prove bn → a. (3 marks)

(iii) Give without proof an example of a divergent sequence an > 0 for which bn is convergent
for some k. (2 marks)

(b) (i) State the alternating series test. (2 marks)
(ii) Let

an =
⎧⎨
⎩

1
n2 + 1

n
n even,

− 1
n2 n odd.

Is
∑

an convergent? Prove your answer carefully. (5 marks)
(iii) What is the radius of convergence of

∑
anzn? Prove your answer. (6 marks)

(Total: 20 marks)



4. (a) (i) Prove that the function f : R → R defined by

f(x) =
⎧⎨
⎩

x2 sin( 1
x3 ), x �= 0

0, x = 0

is continuous at x = 0. (3 marks)
(ii) Prove that f is continuous at all x �= 0 as well. (2 marks)

(b) (i) State the intermediate value theorem. (2 marks)
(ii) Prove that there is some x ∈ R such that 4x = cos(x) + 2. (3 marks)
(iii) Suppose that we have a continuous function f : [0, 10] → R, with f(2k) = 1 for integers

0 ≤ k ≤ 5 and f(2k + 1) = −1 for integers 0 ≤ k ≤ 4. What is the least number of
zeroes such an f must have? (3 marks)

(c) (i) Let f : [0, 1] → R be a continuous function with the following property:
For all x ∈ [0, 1], there exists y ∈ [0, 1] such that |f(y)| ≤ 0.99|f(x)|.

Prove that there is some t ∈ [0, 1] such that f(t) = 0. (4 marks)
(ii) Give an example (no proof necessary) of a discontinuous f : [0, 1] → R with the same

property as in part (i), such that f(x) �= 0 for all x ∈ [0, 1]. (3 marks)

(Total: 20 marks)

5. In this question you may use any results from the course that you state correctly.

(a) (i) State the mean value theorem. (2 marks)
(ii) Deduce that (1 + x)r ≥ 1 + rx for any real x > 0 and real r ≥ 1. (3 marks)
(iii) Suppose that f : R → R is differentiable and that lim

x→∞ f(x) exists. Prove that if
lim

x→∞ f ′(x) exists then it is zero. (4 marks)

(b) (i) Compute the second-order Taylor polynomial for f(x) = − log(cos(x)) centered at x = 0.
(3 marks)

(ii) Prove that f(x) is convex on the domain (−π
2 , π

2 ). (2 marks)

(iii) Prove that cos(π
3 ) cos(π

5 ) ≤
(
cos(4π

15 )
)2

. (2 marks)

(c) Let f : (−1, 1) → R be an infinitely differentiable function satisfying |f (n)(x)| ≤ (n − 1)! for
all n ≥ 1 and all x. If Pn(x) is the nth order Taylor polynomial for f , centered at x = 0,
prove that Pn → f uniformly. (4 marks)

(Total: 20 marks)
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6. (a) Which of the following are true? Give a one-sentence explanation or a counterexample for
each.
All functions below have the form [0, 1] → R and are bounded.

(i) If f and g are both integrable and f(x) ≤ g(x) for all x ∈ [0, 1], then
∫ 1

0
f(x) dx =

∫ 1

0
g(x) dx

if and only if f(x) = g(x) for all x ∈ [0, 1]. (1 mark)
(ii) If f and g are differentiable and f(x)g′(x) is integrable, then so is f ′(x)g(x). (1 mark)
(iii) If ef is integrable, then f is integrable. (1 mark)
(iv) If fn is integrable for all n ∈ N, and if f(x) = lim

n→∞ fn(x) exists and is continuous, then

∫ 1

0
f(x) dx = lim

n→∞

∫ 1

0
fn(x) dx.

(1 mark)
(v) If f and g are integrable, then max(f(x), g(x)) is integrable. (2 marks)

(b) (i) State a version of the fundamental theorem of calculus. (3 marks)
(ii) Define f : [0, n] → R by f(x) = 1√

x+1 for some n ∈ N. Determine the lower and upper
Darboux sums for f with respect to the partition P = (0, 1, 2, . . . , n); you can leave your
answers in the form of a finite sum. (3 marks)

(iii) Give an integer estimate for U(f, P ) in the case n = 106 − 1 = 999, 999. Your estimate
need not be the closest integer to U(f, P ), but you should prove that it differs from the
actual value by at most 1. (3 marks)

(c) Suppose that f, g : [0, 1] → R are integrable, and that f(x) = g(x) for all rational x ∈ [0, 1].
Prove that ∫ 1

0
f(x) dx =

∫ 1

0
g(x) dx.

(5 marks)

(Total: 20 marks)
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Solutions

1. (a) There exists a bijection f : N→ S. (1 mark)
S is uncountable. T is countably infinite. U is finite (with 2N−1 elements). (3 marks)

(b) A = inf S. (1 mark)
Firstly A is a lower bound for S: if S 3 s < A then set ε = 1

2(A−s) > 0 so s = A−2ε < A−ε,
contradicting the second condition.
Secondly if B > A then set ε = B−A > 0. By the first condition we find S 3 s < A+ε = B

so B is not a lower bound. So A is the greatest lower bound. (3 marks)

(c) (i) (D) constant (1 mark)
(ii) (E) impossible (1 mark)
(iii) (B) has a convergent subsequence (1 mark)
(iv) (A) bounded (1 mark)
(v) (C) convergent (1 mark)

(d) ∃a ∈ R such that ∀ε > 0 ∃N ∈ N such that ∀n ≥ N, |an − a| < ε. (1 mark)
an is not convergent. (1 mark)
an =

√
n or an = ∑n

i=1
1
i
or ... (1 mark)

Fix ε > 0. We know (∗) and we know ∃N ′ ∈ N such that ∀n ≥ N ′, |a2n − a| < ε. (∗∗)
Set N ′′ := max(N, 2N ′) + 1 and take any n ≥ N ′′.
If n = 2m is even thenm ≥ 1

2N
′′ > N ′ so by (∗∗) applied tom we see |a2m−a| = |an−a| < ε.

If n = 2m+ 1 is odd then 2m+ 1 ≥ N ′′ ≥ 2N ′ + 1 so m ≥ N ′ so by (∗∗) applied to m we
see |a2m − a| < ε (†). Furthermore n− 1 ≥ N ′′ − 1 ≥ N so by (∗) applied to n− 1 = 2m
we find |an − a2m| < ε which by (†) and the triangle inequality gives |an − a| < 2ε.
So for both even and odd n ≥ N ′′ we have shown |an − a| < 2ε so an → a. (4 marks)

(Total: 20 marks)



2. No marks in (a), (b) if get logical implications the wrong way round. “If" 6= “only if"!

(a) Suppose
√

1 + 1
n
> 1 + 1

2n . Since both sides are positive we can square them to get the
contradiction 1 + 1

n
> 1 + 1

n
+ 1

4n2 . (2 marks)

(b) Either multiply (a) by
√
n or use the trick of completing the square:

√
n+ 1 −

√
n =

1√
n+1+

√
n
≤ 1√

n+
√
n

= 1
2
√
n
. (2 marks)

(c) (i) It means that the sequence of partial sums sn := ∑n
i=1 ai converges. (2 marks)

(ii) By (b) the partial sums are

sn =
n∑
i=1

1√
i
≥ 2

n∑
i=1

(√
i+ 1−

√
i
)

= 2(
√
n+ 1−

√
1),

so they diverge. (4 marks)
Proof of this last claim from first principles: suppose sn → s. Then taking ε = 1 we see
∃N ∈ N such that for all n ≥ N we have

|sn − s| < 1 =⇒ s+ 1 > sn ≥ 2
√
n+ 1− 2. (∗)

Choose n ≥ max(N, (s+1)2). Then we get s+1 > 2
√
n+ 1−2 ≥ 2(s+2)−2 = 2(s+1)

which implies s+ 1 < 0 which contradicts (∗). (3 marks)

(d) Pick 0 < ε < 1
2(1− a). Then ∃N ∈ N such that for all n ≥ N we have

|an − a| < ε =⇒ an < a+ ε < A,

where A := 1
2(1 + a) < 1. Therefore, for n ≥ N , the partial sums satisfy

sn =
n∑
i=1

aii ≤ C +
n∑

i=N
Ai = C + AN − An+1

1− A ≤ C + AN

1− A ,

where C = ∑N−1
i=1 ai. Therefore (sn) is bounded above and monotonically increasing, so

convergent. (7 marks)

(Total: 20 marks)



3. (a) (i) Set ε = a > 0. Then ∃N ∈ N such that ∀n ≥ N, |an − a| < ε. In particular,
an > a− ε = 0. (2 marks)

(ii) Fix any ε > 0. Then ∃N ′ ∈ N such that ∀n ≥ N ′, |an − a| < ε. Thus for
n ≥ max(N,N ′) and 1 ≤ i ≤ k we have an > 0 and

a− ε < an+i < a+ ε =⇒ k

√
(a− ε)k < bn <

k

√
(a+ ε)k =⇒ a− ε < bn < a+ ε,

which is |bn − a| < ε. (3 marks)

(iii) E.g. k = 2 and an =
{

1 n even
2 n odd is divergent but bn ≡

√
2→

√
2. (2 marks)

(b) (i) If an ↓ 0 (i.e. an ≥ 0 is monotonically decreasing and tends to 0) then ∑∞n+1(−1)nan is
convergent. (2 marks)

(ii) The example given is not convergent. (The alternating series test does not apply as |an|
is not monotonic.) (1 mark)
By the alternating series test, the partial sums sn of ∑ (−1)n

n2 converge. So if the partial
sums σn of ∑ an also converge then by the algebra of limits sn − σn converges, i.e. the
partials sums of ∑n even

1
n

= 1
2
∑∞
m=1

1
m

converge, but we know they do not. (4 marks)
(iii) The radius of convergence is R = 1. (1 mark)

Beware applying the ratio test naively will not give the result! Instead, applying it to the
sum over even n shows ∑ a2nz

2n converges (absolutely) for |z| < 1 because∣∣∣∣∣a2n+2z
2n+2

a2nz2n

∣∣∣∣∣ =
2 + 3

n

(1 + 1
n
)2(2 + 1

n
) |z|

2 −→ |z|2 < 1.

Similarly ∑ a2n+1z
2n+1 converges (absolutely) for |z| < 1 because∣∣∣∣∣a2n+1z

2n+1

a2n−1z2n−1

∣∣∣∣∣ =
(2− 1

n
)2

(2 + 1
n
)2 |z|

2 −→ |z|2 < 1.

Therefore, by the algebra of limits, ∑ anz
n converges for |z| < 1, so R ≥ 1. (4 marks)

But we already noted that ∑ anz
n diverges for z = 1 so R ≤ 1, so R = 1. (1 mark)

(Total: 20 marks)



4. (a) (i) By sequential continuity it’s enough to prove that lim
x→0

f(x) = f(0) = 0, and since we

need only consider nonzero x this is the same as lim
x→0

x2 sin
( 1
x3

)
= 0. We have

0 ≤
∣∣∣∣x2 sin

( 1
x3

)∣∣∣∣ ≤ x2

for all x, since |sin( 1
x3 )| ≤ 1. Then lim

x→0
0 = lim

x→0
x2 = 0, so the squeeze theorem says

that
∣∣∣x2 sin

(
1
x3

)∣∣∣→ 0 as x→ 0, and hence x2 sin( 1
x3 )→ 0 as well. (3 marks)

(ii) We know that x2 and sin(x) are continuous for all x, and 1
x3 is continuous for all x 6= 0.

Then for x 6= 0 it follows that sin( 1
x3 ) is a composition of two continuous functions, so

it is continuous, and its product with the continuous x2 is therefore continuous as well.
(2 marks)

(b) (i) Let f : [a, b] → R be a continuous function. Then for every y between f(a) and f(b),
there exists c ∈ [a, b] such that f(c) = y. (2 marks)

(ii) The function f(x) = 4x − cos(x) − 2 is continuous, and f(0) = −2 while f(1) =
2−cos(1) > 0, so the intermediate value theorem says that f(c) = 0 for some c ∈ (0, 1).

(3 marks)
(iii) The intermediate value theorem says that f(c) = 0 for some c in each interval (k, k+ 1)

where x = 0, 1, . . . , 9, so it must have at least 10 zeroes. (The function f(x) = cos(πx)
achieves exactly 10, though this is not a required part of the answer.) (3 marks)

(c) (i) We note that g(x) = |f(x)| is also continuous, and since it is defined on the closed
interval [0, 1] its image must have the form [g(a), g(b)] for some a, b ∈ [0, 1]. Then
g(a) = |f(a)| ≥ 0, so if 0 6∈ [g(a), g(b)] then we must have g(a) > 0. But then
there is y ∈ [0, 1] such that g(y) ≤ 0.99g(a) < g(a), contradicting the claim that
inf

x∈[0,1]
g(x) = g(a), so we must have g(a) = 0 after all, and then f(a) = 0. (4 marks)

(ii) Many examples will work, such as f(x) =

x, 0 < x ≤ 1
1, x = 0.

(3 marks)

(Total: 20 marks)



5. (a) (i) If f : [a, b] → R is continuous, and it is differentiable on (a, b), then there is c ∈ (a, b)
with f ′(c) = f(b)−f(a)

b−a . (2 marks)
(ii) Let f(x) = xr. By the mean value theorem there is c ∈ (1, 1 + x) such that

f(1 + x)− f(1)
(1 + x)− 1 = f ′(c) ⇒ (1 + x)r − 1

x
= rcr−1 ≥ r,

so upon rearranging we have (1 + x)r ≥ 1 + rx.
Alternate solution: let g(x) = (1 + x)r − rx, and then g(0) = 1 and g is monotone
increasing since g′(x) = r(1 + x)r−1 − r > r − r = 0 for all x > 0. (3 marks)

(iii) Suppose that L = lim
x→∞

f ′(x) exists and is positive. Then there is an N such that
f ′(x) > L

2 for all x ≥ N . By the mean value theorem, for all x > N we have

∃t ∈ (N, x) : f(x)− f(N)
x−N

= f ′(t) > L

2 ⇒ f(x) > L

2 (x−N) + f(N),

so f(x) → ∞ as x → ∞ and this contradicts the existence of lim
x→∞

f(x). If L < 0
instead then we repeat the same argument with −f(x) to get a contradiction, so if L
exists then it must be 0. (4 marks)

(b) (i) We have f(x) = − log(cos(x)), and we compute that

f ′(x) = sin(x)
cos(x) , f ′′(x) = cos(x) · cos(x)− sin(x)(− sin(x))

cos2(x) = 1
cos2(x) ,

so f(0) = f ′(0) = 0 and f ′′(0) = 1. The second-order Taylor polynomial is

P2(x) = f(0) + f ′(0)
1! x+ f ′′(0)

2! x2 = x2

2 .

(3 marks)
(ii) The second derivative f ′′(x) = 1

cos2(x) is continuous and positive on this interval, so f is
convex here. (2 marks)

(iii) By the convexity of f on (−π
2 ,

π
2 ) we have 1

2

(
f(π3 ) + f(π5 )

)
≥ f

(
π/3+π/5

2

)
, or

− log
(

cos
(
π

3

))
− log

(
cos

(
π

5

))
≥ −2 log

(
cos

(4π
15

))
.

We rearrange both sides and use log(x) + log(y) = log(xy) to simplify this to

log
(

cos
(
π

3

)
cos

(
π

5

))
≤ log

(
cos2

(4π
15

))
,

and exponentiate both sides to get the desired result. (2 marks)
(c) By Taylor’s theorem, for any nonzero x ∈ (−1, 1) there’s a t between 0 and x such that

|f(x)− Pn(x)| =
∣∣∣∣∣f (n+1)(t)
(n+ 1)! x

n+1
∣∣∣∣∣ ≤ n!

(n+ 1)! |x
n| < 1

n+ 1 .

So for any ε > 0, if n ≥ 1
ε
then we have |f(x)−Pn(x)| < 1

n+1 < ε for all x ∈ (−1, 1), hence
by definition the sequence

(
Pn
)
converges uniformly to f . (4 marks)



(Total: 20 marks)

6. (a) (i) False: f(x) = 0, g(x) =

1, x = 0
0, x > 0

gives
∫ 1

0 f(x) dx =
∫ 1

0 g(x) dx = 0. (1 mark)

(ii) True: it’s integration by parts, i.e., f ′g = (fg)′− fg′ and (fg)′ is integrable. (1 mark)
(iii) True: log(x) is continuous on Image(ef ) ⊂ (0,∞), so log(ef ) = f is integrable as well.

(1 mark)

(iv) False: if fn(x) =

n, 0 < x ≤ 1
n

0 otherwise
then

∫ 1
0 fn(x) dx = 1 for all n, but f(x) ≡ 0 and so

∫ 1
0 f(x) dx = 0. (1 mark)

(v) True: we have max(f, g) = 1
2(f+g+|f−g|), and both linear combinations and absolute

values of integrable functions are integrable. (2 marks)
(b) (i) Either of the following is acceptable:

1. if f : [a, b] → R is continuous and F (x) =
∫ x
a f(t) dt, then F is differentiable on

(a, b) and F ′(x) = f(x) for all x ∈ (a, b).
2. If g : [a, b] → R is continuous on [a, b] and has a continuous derivative on (a, b),

then
∫ b
a g
′(x) dx = g(b)− g(a).

(3 marks)
(ii) Since f(x) is monotone decreasing, we have

L(f, P ) =
n−1∑
k=0

(
inf

k≤t≤k+1
f(t)

)
· 1 =

n−1∑
k=0

1√
k + 2

U(f, P ) =
n−1∑
k=0

(
sup

k≤t≤k+1
f(t)

)
· 1 =

n−1∑
k=0

1√
k + 1

,

or L(f, P ) = 1√
2 + 1√

3 + · · ·+ 1√
n+1 and U(f, P ) = 1√

1 + 1√
2 + · · ·+ 1√

n
. (3 marks)

(iii) We have the inequalities

L(f, P ) ≤
∫ n

0
f(x) dx =

∫ n

0
f(x) dx =

∫ n

0
f(x) dx ≤ U(f, P ),

and U(f, P )−L(f, P ) = 1− 1√
n+1 < 1, so the integral

∫ n
0 f(x) dx is within 1 of U(f, P ).

We use the fundamental theorem of calculus to compute∫ n

0

1√
x+ 1

dx = 2
√
x+ 1

∣∣∣x=n

x=0
= 2
√
n+ 1− 2,

and for n = 106 − 1 this says that
∫ n

0
1√
x+1 dx = 1998 is within 1 of U(f, P ). (1999 is

also an acceptable answer.) (3 marks)
(c) The difference h(x) = f(x)− g(x) is integrable, with h(x) = 0 for all rational x ∈ [0, 1], and

by linearity it’s enough to show that
∫ 1

0 h(x) dx = 0. Since the rationals are dense in [0, 1]
we have inf h ≤ 0 on every interval, so

L(h, P ) ≤ 0 for every partition P ⇒
∫ 1

0
h(x) dx ≤ 0.



Similarly we have suph ≥ 0 on every interval, so

U(h, P ) ≥ 0 for every partition P ⇒
∫ 1

0
h(x) dx ≥ 0.

But h is integrable, so the upper and lower Darboux integrals are equal, and this means that
they must both be zero, so

∫ 1
0 h(x) dx = 0 as well. (5 marks)

(Total: 20 marks)



ExamModuleCode QuestionComments for Students

MATH40002 1

Common mistakes: (b) many arguments why A was a lower bound were too vague; (c) many 
didn't specify what 'a' was in defining convergence, as in '|a_n ‐ a|<epsilon'; (d) many showed 
that |a_{2n+1}‐a| was bounded by n*epsilon, which goes to infinity, or instead tried to take 
|a_{2n}‐a| < epsilon/n for n large, which is much stronger than the definition of convergence.

MATH40002 2
On c(ii) most people lost points for not working from first principles: anything from not proving 
that unbounded implies not convergent, to invoking convergence tests without proof.

MATH40002 3

MATH40002 4

MATH40002 5

MATH40002 6

Q3 was generally done well, with about half the students getting double‐digit marks. In some 
sense the most disappointing thing was the number of people who, after stating the alternating 
series test in (b)(i), wrote several pages attempting to justify that it applied to the series in (b)(ii). 
It obviously doesn’t apply, and some people wrote two or three pages arguing that it did, and got 
0 marks for it. 
Part a) and b) were answered quite well, though for b)iii) a picture is not a proof. c) was harder. 
Many students tried to use an appropriate subsequence but forgot steps in the proof. For the 
example in ii) many students forgot that the function was supposed to be defined on [0,1], or 
forgot part of the conditions on the function in part i).
In question 5 a (ii) many students considered r as an integer and they used the binomial formula. 
On the other hand, the exercise assumed r to be a real number.  In question, 5 a (iii), many 
students changed the order of the limit, but this not possible, in general, even assuming that the 
limits exist. 
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