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1. (a)

For which values of @ € R does the system of equations

ar —4y+2z = ba for z,y,z € R
—3r+6y+2z = —5

have:

(i) no solutions?
(i) exactly one solution?
(iii) infinitely many solutions?
In parts (ii) and (iii) you should give the solutions. (10 marks)

Suppose V' is a vector space over a field F. Suppose Oy ¢ W and W C V. Is W a subspace
of V'? Give full details of the argument, assuming only axioms of a vector space/field.
(2 marks)

Let S be the set of solutions to the system in (a) (where @ € R is a constant). Which of the
following sets are subspaces of R3? Does the answer depend on the value of a? Justify your
answer fully.

5 -5
1 |+S={veR:v=| —1 | +sforsomesc S}
-9 -2
(iii)
13 _13
9 9
-1 +S={veR:v= —1 | + s for some s € S}.

(8 marks)

(Total: 20 marks)
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2. Let V be the R-vector space R*. Let

a
a+b
W ={ €R*:a,bc R},
—3b
2b+a
1 0 1 0 1 0
0 1 1 1 1 1
B = Y Y ) ) and C = Y
0 0 0 -3 0 -3
0 0 1 2 1 2
(a) Show that W is a subspace of V. (3 marks)
aq
. Q2
(b) Show that B is a basis for V' and find where aq, as, az, a4 € R. (5 marks)
a3
Oy
L 1B
(c) LetT :V — W be the linear map such that:
T 2z
3y + 2z — 3w
T Y _ Y
z -9y + 32 + 9w
w 6y — 6w

(i) Find Im(T) and dim(Im(T)).

(i) Find ¢[T]p. (5 marks)
(d) Let T,V,W be as above. Let V* be the R-vector space of linear transformations from V' to

V. And let U* be the R-vector space of linear transformations from V' to W. Let

T* :V* — U be such that 7*(f) =T o f.

Show that

(i) T is a linear transformation.
(ii) If B* is a basis for V* and C* is a basis for U* determine the rank of o« [T p-.
Any results from lectures used must be clearly stated. (7 marks)

(Total: 20 marks)
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3. Let V be an R-vector space and let by, ..., b, be a basis for VV with n > 2. We say an idempotent
is a linear transformation 7': V — V such that 7?2 =T o T =T.

(a) Denoting a general element of V by v = ayby + ... + a,b, (for aq,...,a, € R), which of
the following maps are:
* Linear transformations?
* ldempotents?
Give clear justification in all cases.
i. So:V =V, where Sy(v) = 0y.
i. S1:V =V, where Si(v) = b.
iii. So:V =V, where S5(v) = ayb; + asbs.
iv. S3=(53)? = Sy005,.
v. Sy V =V, where S;(v) = agby + aqbs.
(11 marks)

(b) Show thatif 7:V — V and S : V — V are linear transformations, then S o T is a linear
transformation. (2 marks)

(c) Suppose T :V — Vand S :V — V are idempotent. Is S o T idempotent? Justify your
answer fully giving a proof or counterexample. (4 marks)

(d) When can you construct an idempotent linear transformation 7" : V' — V such that
Im(T) = ker(T'). Justify your answer fully, any results used from lectures must be clearly
stated.

(3 marks)

(Total: 20 marks)
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4. (a) The sequences of real numbers (a,),>1 and (b,),>1 satisfy the relations:
apy1 = 3a, + 2b, and b, = —4a,, — 3b, for all n > 1.
(i) Write down a matrix A with the property that
Qp An41
A =
()= G)

and compute its eigenvalues and eigenvectors (over R), showing the details of your
computations.

(6 marks)
(i) Hence, or otherwise, give general expressions for a,, and b, in terms of 1, a; and b;.
(3 marks)
(iii)  Which values for a; and by imply that both a;7 = 3 and byg = 127 (1 mark)
(b) (i) Suppose vy,...,v, € R™ is an orthogonal set of non-zero vectors. Prove that for all
at,...,a. € R we have
r r )
1> vl = O aifluil®)z.
i=1 i=1
(2 marks)
(i) Suppose A € M, (R) is symmetric. Let o be the maximum value of |A| for all eigenvalues
A of A.

Using (b)(i), show that ||Av|| < aljv|| for all v € R™ and there is some non-zero
v for which we have equality. Clearly state any results from the notes which you
require.
Deduce that sup{||Av|| : [|v]| =1} = a.
State and prove a similar result for inf{||Av|| : ||v|| = 1}.

(8 marks)

(Total: 20 marks)
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5. (a) Letn > 2 and let F be a field. Suppose A € M, (F) has exactly n non-zero entries
x1,...,Ty,, one in each row and one in each column of A.

(i) Prove that det(A) is equal to xyxs ... 2, OF =212 ... Ty.

(i)  One of the zero entries in A is changed to 1, resulting in the matrix B. Express det(B)
in terms of det(A), explaining your answer.
(6 marks)

(b) Suppose C € My(F) and A\ € F' is an eigenvalue of C' such that the eigenspace F) has
dimension 2. Prove that xc(z) = (z — A\)%g(z) for some polynomial g(z) with coefficients
in F. (You may quote results from the notes, but you should not quote general results which
immediately imply what is to be proved.) (6 marks)

(c) Let G be the symmetric group Sg and H = {h € G : {h(1),h(2)} = {1,2}}.

(i) Show that H is a subgroup of G and determine |H|, explaining your answer.
(3 marks)

(i) Prove that for g,k € G we have

gH =kl < {g(1),9(2)} = {k(1), k(2)}.

(3 marks)
(iii)  Using (c)(i) and (ii), compute the index of H in G in two different ways. (2 marks)

(Throughout the question, results from the notes may be used if clearly stated.)

(Total: 20 marks)
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6. (a) Suppose (G,-) is a group and let H = {g® : g € G}. Three of the following four statements
are true and one is not true in general. Prove the ones which are true and give, with
explanation, a counterexample for the other one.

(i) If G is abelian, then H is a subgroup of G.
) If G is finite and |G| is odd, then H = G.
(i) If n >4 and G is the symmetric group S, then H = G.
) If G is the dihedral group Ds,, then H is a subgroup of G.
(8 marks)

(b)  Consider the following elements of Sy:

; 123456789 1234567389
3456 789 21 9 8 76 5 43 21
(i) Write f,g, f7', ¢®fgf? in disjoint cycle form and state the orders of these. (4 marks)

(i)  What are the cycle shapes of elements of order 3 in S9? How many elements of order 3
are there in Sy? (You may leave your answers expressed in terms of binomial coefficients.)
(4 marks)

(c) Suppose G is a finite group. Prove that the number of elements of order 5 in G is divisible
by 4. State and prove a more general result about the number of elements of order p in G,
where p is a prime number. (4 marks)

(Throughout the question, results from the notes may be used if clearly stated.)

(Total: 20 marks)
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1. (a) For which values of a € R does the system of equations

2z —y — 3z
ar — 4y + 2z
—3x + 6y + 2z

have:
(i) no solutions?
(i) exactly one solution?

(iii) infinitely many solutions?

In parts (ii) and (iii) you should give the solutions.
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(c) Let S be the set of solutions to the system in (a). Which of the following sets are subspaces
of R3? Does the answer depend on the value of a? Justify your answer fully.

(i) S.
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2. Let V be the R-vector space R%. Let

a
a+b
W ={ € R*:a,b € R},
—3b
2b+ a
1 0 1 0 1 0
0 1 1 1 1 1
B = and C' =
0 0 0 -3 0 -3
0 0 1 . 1 2
(a) Show that T is a subspace of V. (3 marks)
o
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a1
v
(b) Show that B is a basis for V" and find ’ where oy, aa, a3, iy € R. (5 marks)
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(c) LetT:V — W such that:

( T \ ( 22 \

Y 3y +z— 3w
—9y + 32 4+ 9w
\ w ) \ 6y — 6w )

(i) Find Im(T) and dim(Im(T)).
(ii) Find B[T]C-
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Gy -Cx
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(ii) Find B[T]C
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(d) Let V* be the R-vector space of linear transformations from V' to V. And let U* be the

R-vector space of linear transformations from V' to V.

Let
Tx:V*— U”* besuch that T*(f)=To f

Show that

1. T™ is a linear transformation.
2. If B* is a basis for Vx and C'* is a basis for U* determine the rank of B*/T™|c-.
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3. Let V be an R-vector space and let {b1,....b,} be a basis for V' with n > 2. We say a linear
transformation 7' : V' — V is idempotent if T> =T oT =T

(a) Let v €V be of the form v = a1by + asbs... + ayb, which of the following maps are linear
transformations? Which of those are idempotent? Give clear justification in all cases.

i. Sp:V =V, S@) =0y

Lingpre.
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(b) Show that 7 : V. — V and S : V — V are linear transformations then S o 7" is a linear
transformation.
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(d)  When can you construct idempotent linear transformation 7" : V' — V such that Im(7T) =
ker (7).
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MATH40003 MAY EXAM 20/21, SOLUTIONS TO QUESTIONS 4,5,6.

4,

4.

(a) The sequences of real numbers (a,),>1 and (b,),>1 satisfy the relations:

(i)

(ii)

(iii)
(b) (i)

Solution:

(@) ()

apr1 = 3a, + 2b, and b, = —4a,, — 3b, for all n > 1.
Write down a matrix A with the property that
Qp An+41
A =
()= ()

and compute its eigenvalues and eigenvectors (over R), showing the details of your
computations.

(6 marks)
Hence, or otherwise, give general expressions for a,, and b, in terms of n,a; and b;.
(3 marks)
Which values for a; and b; imply that both a;7; = 3 and b;g = 127 (1 mark)
Suppose v1,...,v, € R™ is an orthogonal set of non-zero vectors. Prove that for all
ai,...,q. € R we have
r r 1
1> vl = affluil*)z.
i=1 i=1
(2 marks)

Suppose A € M,,(R) is symmetric. Let a be the maximum value of || for all eigenvalues
A of A.

- Using (b)(i), show that ||Av|| < «||v]| for all v € R™ and there is some non-zero
v for which we have equality. Clearly state any results from the notes which you
require.

- Deduce that sup{||Av|| : [jv]| =1} = a.

- State and prove a similar result for inf{||Av| : ||v] = 1}.
(8 marks)
3 2
We take A = . 1A
e take (_4 _3)

The characteristic polynomial is det(zly — A) = (z —3)(z +3) +8 = (z — 1)(z + 1),
so the eigenvalues are 1 and —1.

Solving (I — A)v = 0 gives that the eigenspace F is spanned by (1, —1)%. Similarly
the eigenspace £_; is spanned by (—1,2)7. 4A
The eigenvectors are the non-zero vectors in these. 1A



1

(i) We observe that (ZZ) = A"‘l(‘;i). If P = (_1

_21> then P~1AP is the diagonal

0

1
trix D =
matrix (O 1

) so A¥ = PD*P~! and this can easily be computed by computing

Pt = (i 1) and simplifying.

However, we can also note that A?> = I, (for example, as D?* = L), so (Z:) =
n—1(a1\ _ (a1 : . an\ __ ar\ __ 3a1+2b; . .

A 1( 1) = (bl) if n is odd, and (lm) = A(m) = (_4a1+_3b1> if n is even. 3B

(iii) If a;z = 3, then by (iii) a; = 3; so if also byg = 12, then b; = —8. 1A

(b) (i) ) )
| ZaszH? Za v;) (; av;) = Y 0y vj = ZQ?HWW

i,j=1
as v; - v; = 0 if ¢ # j. Taking non-negative square roots gives the result. 2B

(i) As A is symmetric, there is an orthonormal basis vy,...,v, of R" consisting of
eigenvectors of A. Let Av; = \jv;. Ifv e R letv = Y0, ayv;. Then Av =377 a A\,
so by (i) and orthonormality of the v; we have

|lv]| = Za 1/2 and ||Av|| = Zaz)\2 1/2

As 0 < \? < o for all i, we obtain the result. 4D
By the above, the supremum is at most a. Suppose |\;| = a. We have || Av;|| = « and
so the supremum is precisely a. 1A

If 3 is the minimum value of |\;|, then inf(||Av]| : [Jv|| = 1) = 8. We have A3 > 5> >0
for all j and so the above calculation gives ||Av|| > f||v]| for all v € R™. So the infimum
here is at least 3. Taking v to be v; where |\;| = ( then gives equality. 3C

[Comments: (a) did examples like this in the notes; the A? = [, observation is unseen. (b)
Unseen.]

(a) Let n > 2 and let F' be a field. Suppose A € M, (F) has exactly n non-zero entries
x1,...,Ty,, one in each row and one in each column of A.

(i) Prove that det(A) = tz125 ... 2.

(i)  One of the zero entries in A is changed to 1, resulting in the matrix B. Express det(B)
in terms of det(A), explaining your answer.
(6 marks)

(b) Suppose C € My(F) and A\ € F' is an eigenvalue of C' such that the eigenspace F) has
dimension 2. Prove that xc(z) = (z — A\)%g(z) for some polynomial g(z) with coefficients
in F. (You may quote results from the notes, but you should not quote general results which
immediately imply what is to be proved.) (6 marks)

(c) Let G be the symmetric group Ss and H = {h € G : {h(1),h(2)} = {1,2}}.



5.

(i) Show that H is a subgroup of G and determine |H|, explaining your answer.
(3 marks)

(i) Prove that for g,k € G we have

gH = kH < {g(1),9(2)} = {k(1),k(2)}.

(3 marks)

(iii)  Using (c)(i) and (ii), compute the index of H in G in two different ways. (2 marks)

(Throughout the question, results from the notes may be used if clearly stated.)

Solution:

(a)

()

(i) By interchanging the rows of A we can obtain a matrix D where the non-zero entries are
all on the diagonal. This matrix has determinant + det(A). We take factors x1, ..., x,
(in some order) from the rows of D and obtain the identity matrix, which has determinant
1. Thus det(A) = £21 ... 2. 3A

(i)  Suppose the entry of A which is changed is the ij-th. There is some row of A, say row
k, with a non-zero entry in column j. Note that k # i as a;; = 0. By subtracting a
multiple of row & from row i in the new matrix, we obtain A. Thus det(B) = det(A).
[Remark: There may be some solutions which use the formula for the determinant in
terms of permutations: these can be allowed if explained carefully.] 3A

Let vy, v, be a basis for £, and extend this to a basis vy,...,vs for F*. The matrix
representing the map T : F* — [ given by v + Cv with respect to this basis is of
the form

A0 x
0 X\ =
00 A

where A € My(F). The characteristic polynomial of C' is equal to the characteristic
polynomial of this and is the determinant of

0 0 xly, — A

Expanding down column 1, and then down column 2 in the 11-minor gives that this polynomial
is (z — A\)?xa(x), hence the result. 6C/D

(i) Use the subgroup test (noting that as GG is a finite group, we do not have to check
closure under inverses). First, note that H # () as the identity element is in H. Suppose
h,k € H. Then {(hk)(1),hk(2)} = {h(1),h(2)} (in some order) and this is {1,2}. So
H is closed under the group operation. The elements of H consist of a permutation of
{1,2} and a permutation of {3,4,5,6} and there are 2.(4!) = 48 of these. 3A



(i) If gH = kH then k = gh for some h € H and thus {k(1),k(2)} = {gh(1 ) ( )=
{9(1),9(2)}.  Conversely, if {k(1),k(2)} = {g(1),9(2)}, then k~g(1),k7'g(2) €
{1,2}. It follows that {k71g(1),k71g(2)} = {1,2}, so k=g € H. Thus, gH = kH.
3B

(i) As |G| = 6! and |H| = 2!4! (part (i)), the index of H in G is 6!/2!4] = 15. Using part
(ii), the number of cosets of H in G is the number of possibilities for the set {g(1), g(2)}
(for g € G). This can be any subset of {1,2,3,4,5,6} of size 2, so is (g) = 15. 2B
[Remark: we did not cover actions and orbit-stabilizer in the lectures.]

[Comment: Almost all unseen; (c)(i) was on a problem sheet.]

(a) Suppose (G,-) is a group and let H = {g* : g € G}. Three of the following four statements
are true and one is not true in general. Prove the ones which are true and give, with
explanation, a counterexample for the other one.

(i) If G is abelian, then H is a subgroup of G.
(i) If G is finite and |G| is odd, then H = G.
(i) If n >4 and G is the symmetric group S, then H = G.
(iv) If G is the dihedral group Ds,, then H is a subgroup of G.
(8 marks)

(b)  Consider the following elements of Sy:

(123456789 (1234567809
“\345678921) 79 \osg7654321)
(i) Write f,g, f7', ¢®fgf? in disjoint cycle form and state the orders of these. (4 marks)

(i)  What are the cycle shapes of elements of order 3 in Sy? How many elements of order 3
are there in Sy? (You may leave your answers expressed in terms of binomial coefficients.)
(4 marks)

(c) Suppose G is a finite group. Prove that the number of elements of order 5 in G is divisible
by 4. State and prove a more general result about the number of elements of order p in G,
where p is a prime number. (4 marks)

(Throughout the question, results from the notes may be used if clearly stated.)

Solution:
(a) In the following, no marks for correct T/F: the marks are for the reasoning.

TRUE: Use the subgroup test. First, e € H so H # (. If goh € H, then as G
is abelian (gh)? = ghgh = gghh = e, so H is closed under the operation. Finally
(9712 = (¢*)"' = e, so H is closed under inverses. 2A

() TRUE: Suppose g € G. This has odd order (by a corollary to Lagrange's theorem), say
2k — 1 for some k € N. Thus g?* 1 = e and so g = ¢* = (¢*)? € H. 2C



(iii) FALSE: It's not true for n = 4. We can see this directly by computing the possible cycle
shapes and the squares of these: we observe that no square is equal to (12) or (1234).
But we can also see this from the sigh homomorphism: the sign of g% is +1, so no odd
permutation is in H. 2C
(iv) TRUE: The elements of Dy, are either rotations in the plane of the regular n-gon, or
reflections. The square of a reflection is just the identity. So H consists of the squares
of the rotations. The rotations form an abelian group, so H is a subgroup by (i). 2B

(b) (i) f=(13579)(2468) and g = (19)(28)(37)(46). So ft= (97531)(8642). As g3 = g we
compute:

P Faf? = (19)(28)(37)(46)(13579)(2468)(19)(28)(37)(46)(15937)(26)(48) = (13579)(2468).

The order of a permutation in disjoint cycle form is the l.c.m. of the lengths of its cycles
so the orders of these elements are, respectively, 20, 2, 20, 20. 4A

(i) The possible cycle shapes here are 3, 1% (that is, one 3-cycle and 6 fixed points), 32,13
and 33, 1A
The number of elements of each of these types is:
Shape 3!,16: 2.(2) (choose the set for the support of the 3-cycle; each set gives 2
possible 3-cycles);
Shape 32, 13: 2(3).2(?)/2 (choose the first 3-cycle as above; then choose the second
one from the remaining 6 points; each permutation gets counted twice).
Shape 33: 23 (g) (g)/6 (similar to above, but now each permutation is counted 3! times.)

[Note: some students will have found a formula; | suppose we have to accept this.] 3B

(c) Each element of order 5 is contained in exactly one subgroup of order 5, and each of the
four non-identity elements in the subgroup generates the whole subgroup (eg by Lagrange's
theorem). It follows that the number of elements of G of order 5 is 4 times the number of
subgroups of GG of order 5. In particular, 4 divides the number of elements of order 5 in G.
The same argument works with an arbitrary prime p in place of 5 and we obtain that p — 1
divides the number of elements of order p in G. 4D

[Comment: (a) is unseen; did lots of examples like (b)(i), (ii); (c) is unseen.]
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Comments for Students

MATH40003

1(a) | was disappointed with how many of the students found row reduction difficult — especially given the
online tools available to them. Those that did not make calculation errors did well on this part.

1(b ) Many students did not do this from first principles — forgetting to explain (for example) why 0_V=0_W.
1(c ) Several students did not answer this question fully — many forgetting particular values for alpha. Those

that answered all parts tended to do so quite well, though many missed that 1(c)(ii) is a subspace for all alpha.
There was a typo in 1(c)(iii) the vector should have read (-13/9,1/9,0), | was lenient with the marking for this.

MATH40003

In question 2(c)-ii there was some confusion about the matrix. In question 2(d) — i the space VA* is not a vector
— it is the set of all linear transformations. Linearity of T* needs to be properly checked for the relevant space.

MATH40003

By the given definition idempotent transformations are linear. So if we show a transformation is not linear
automatically it is not idempotent. This also caused problems in some cases for 3(c): many provided examples
of maps that were not LT. When the question asks about the full justification please provide a complete
justification.




MATH40003

(a)(i). A non-zero eigenvalue can’t have the zero vector as an eigenvector, so when parametrising the
eigenvector here, you had to specify that the parameter was non-zero.

(a)(ii). You had to actually calculate the final formulas, anything where | had to multiply matrices out to finish
the calculation was regarded as incomplete.

Very few people spotted that since the eigenvalues were the square roots of 1, that meant that the square of
A was the identity. Your hint to that was when you wrote out the diagonal matrix.

It was exceedingly common to calculate A*n, and then use that to find (a_n,b_n), but you would need A*{n-1}
there. Many people would have benefited from checking if their formulas worked for n=1.

a(iii). There were a lot of basic mistakes in this question. Using 17 for the value of a_17, instead of 3, or
getting a minus sign confused, were the most common.

b(i). This result is Pythagoras’ theorem, so you had to actually prove it, not just quote it. | also needed some
argument about the fact that orthogonality meant that the dot product of different basis vectors was zero.
b(ii). A was fixed in this question. It started with “Suppose A...”, so it was quite clear that you needed to let v
vary to find when the inequality was an equality, not A.

You couldn’t simply use the same v’s from (i) here, you needed to use your notes to show that there is an
orthonormal basis of eigenvectors of A.

MATH40003

Parts a and c were generally solved well. There were quite a few people assuming that the subgroup H fwas
fixing 1 and 2, but this was not in the text. In Part b very few people produced a proof that did not use results
that implied it directly. Saying that since we have an eigenspace of dimension 2, then there must be no more
than 3 eigenvalues , or equivalent arguments, were concluding directly form the contrapositive of a result in
the notes, so they were not given full marks.

MATH40003

Part (a) was generally solved well. No marks were given for correct True/False, but just for proves and counter-
examples. Part (b) was also done well. Those that did not justify the computations in b (ii) did not receive full
marks, despite writing the correct answer. In Part (c) many forgot to show that two distinct cyclic subgroups of
order 5 intersected only trivially.
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