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1. (a) Consider the following system of linear equations:

r + y + 70z = 16
0 + vy + 35 = 8
r + y + 105z = 23

Either find all the solutions, or show that no solutions exist when:

(i) z,y,z€R. (2 marks)

(i) z,y,z € Zs. (3 marks)

(i) z,y,2z € Zs. (3 marks)

(b) Let V be a vector space over field F', and let u,v,w € V. Prove from first principles, i.e.
using only the vector space axioms, that if v +u = w + v then u = w. (4 marks)

(c) Let V and W be vector spaces over the same field F'. We put the following operations on
the set V' x W:

(v1,w1) + (v, we) = (v1 + Vo, wy + wWwo)
)\(vl,wl) = ()\vl,)\wl)

(i) Prove that V' x W with these operations satisfies the vector space axioms Al, A3.

(4 marks)
(i)  You may now assume that V' x W is a vector space. Prove that if A<V and B<W
then Ax B<V xW. (4 marks)

(Total: 20 marks)
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2.  Let M be the set of all 2 x 2 matrices with entries in R, and let A € R. You may assume that M,

with the operations

aip 12 n bi1 bio B ayy + b ae + bio
Qo1 Q22 ba1  bao ag1 + ba1  age + b
\ @11 A2 - Aaip Aajg
a1 G22 Aag1  Adoo
is a vector space.
Let B be the standard basis for M. i.e.
10 0 1 0 0 00
B = ) b )
0 0 0 0 10 0 1
(a) Prove that
B 2 0 10 11 1
0 1 0 2 0 1 1

is a basis of M.

(b) Let T: M — M be given by T'(A) = AT,

Calculate the following matrices:

(i) B[Ts
(ii) B’[T]B/
(i) plid)s

(4 marks)

(2 marks)
(2 marks)
(3 marks)

(c) Prove that if S : M — M is a linear transformation such that there is a basis D of M where

p|T]p is the identity matrix, then S is the identity map.

a b
(d) Let.S:M — R be the linear transformation given by S

c d
rank and nullity of S.
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(7 marks)

= a + b. Calculate the

(2 marks)

(Total: 20 marks)
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3. Let V be a vector space. A linear transformation 7' : V' — V is said to be nilpotent if there is an
m € N such that 7™ (v) =0 for all v € V.

(a) Suppose V has basis {by,...,b,}. Let T be the following function:

n n—1
T (Z aibz) = Z Qit1b;
i=1 i=1
Prove that 7' is a nilpotent linear transformation. (2 marks)
(b) Let T be any linear transformation of 1, and let
Ni(T)={veV :3ImeN T"(v) =0}

Prove that Nil(T") is a subspace of V. (4 marks)

(c) Let T be a nilpotent linear transformation from V' to itself. The degree of T is the smallest
m such that 7™ (v) = 0 for all v. Prove that the degree of T' is less than or equal to the
dimension of V. (8 marks)

(d) Suppose that T is nilpotent. Prove that I — T and I + T are invertible. (6 marks)

(Total: 20 marks)

MATH40003 Linear Algebra and Groups (2022) Page 4



4. (a) LetV be a 3-dimensional vector space over R and let B = {v;, v, v3} be a basis of V. Let
T :V — V be the linear transformation defined by

T(’Ul) = -2 V3, T(Ug) = 2U2 — 31)3, T(’U3) = —U + V3.

(i) Write down the matrix [T'] 5, explaining your answer. (2 marks)

(i) Find the the eigenspaces of T (show the details of your calculation), and determine
whether T is diagonalisable or not (explain your answer). (6 marks)

(b) Forz,y,z €R, let A, . € M4(R) be the following matrix:

1 1 1 1
1 2 1 1
Aacyz - v
R 1 oyl 1
1 2 1 z+1

(i) Determine all the triples (z,y, z) € R? for which A, , . is invertible. (3 marks)
(i) Suppose yz # 0 and B € My(R) is such that det(B) = zyz. Is there an invertible
matrix P € My(R) such that P"'BP = A, , .7 Explain your answer. (2 marks)

(c) Letn e N~ {0}. Let A € M,(R) be invertible. Show that there are B,C € M,(R) such
that B is orthogonal, C' is upper-triangular, and

A= BC.

(7 marks)

(Total: 20 marks)
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5. (a) (i) Check if the following vectors form an orthogonal basis of R?:

1 —2 -3
V1 = 2 y Vg = 1 V3 = —6
3 0 )

(3 marks)

(i) Let n € N~ {0}. Let E be the standard basis of R”. Assume that 7' : R" — R" is a
linear transformation such that, for all u,v € R",

T(u) -v=u-T(v).

Prove that [T is symmetric. (3 marks)

(i) Letn € N\ {0} and let A be an nxn real symmetric matrix. Show that the characteristic
polynomial of A splits as a product of (possibly repeated) factors of degree 1. (You may
quote results from the notes in your proof.) (2 marks)

(b) Letn € N\ {0}. Recall that
On(R) = {A € M,(R) | AAT = I,,}.
Show that if T'is a rotation of R? and E is the standard basis of R?, then [T]z € O2(R).

(3 marks)

(c) Letn e N~ {0} and let F' be a field. Recall that GL,,(F) is the group of all n x n invertible
matrices. Let H be the set of matrices in M, (F') having exactly one entry equal to 1 for
each row and column and all other entries equal to 0.

(i) Show that, if F' =R, then H C O,(R). (2 marks)
(i)  Show that H is a subgroup of GL,,(F") and that H is isomorphic to the symmetric group
Sh. (7 marks)

(Total: 20 marks)
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6. (a) Let G be the group (R? +). where + is the usual vector addition. Let
H = {(z,2z) e R* | z € R}.

(i) Show that H is a subgroup of G. (2 marks)
(iii)  Show that H is isomorphic to (R, +), where + is the usual addition in R. (2 marks)

(iv) Let A be the set of all left cosets of H in G. Show that there is a binary operation * on
A such that (A, *) is a group isomorphic to (R, +). (4 marks)

(b) Let o be the permutation in Sy given by

0_123456789
\7 96 34152 8)°

Give the decomposition of ¢ into disjoint cycles. Justify your answer. (3 marks)

(c) Let G be a group and H be a subgroup of G such that |G : H| = 2.
(i) Show that {¢H | g€ G} ={Hg | g€ G}. (2 marks)

(i) Let now
H = {0 € S5 |sgn(o) =1}.

Show that {gH | g € S5} = {Hg | g € S5}. (3 marks)
(d) Let GG be a finite group. Show that there is n € N such that G is isomorphic to a subgroup
of S,. (4 marks)

(Total: 20 marks)
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1. (a) If we create an augmented matrix for the system of linear equations and reduce it to row-reduced meth

echelon form, we get seen |
1 1 70116 1 1 70|16
(0 1 35 8) — 0 1 35 8)
1 1 105123 0 0 3| 7
1 1 02
— 01 01 )
0 0 357
1 0 01
— 01 01 )
0 0 35|7

This last matrix is the best we can get without dividing by either 5 or 7.
(i) If the field is R then the RREF matrix simplifies further, to

1 0 01
010
0 01

and we have thatz =1, y =1, andz:%. 2, A
(ii) If the field is Zs then the RREF matrix is

1 0 01
01 01
0 0 0]2

this is inconsistent, and therefore there are no solutions. 3,B
(iii) If the field is Z7 then the RREF matrix is

1 0 01
01 01
0 000

and we get that for all A € Z7 we have that (z,y,z) = (1,1, A) is a solution. 3,B

Sl —

(b) If v+ u = w + v then applying A2 to the LHS gives us that u + v = w + v. o o
By A4 there is a —v, which we add to both sides to get (u +v) + (—v) = (w + v) + (—v). sim.seen

Al lets us rearrange the brackets: u + (v + (—v)) = w + (v + (—v)).
A4 again: u+0=w + 0.
Finally, A3 gives u = w. 4, A

(c) (i) Addition and scalar multiplication have the correct domain and co-domain, therefore we
just have to check the vector space axioms.
Al: Let (vi,wy), (ve,ws), (v3,w3) € V x W:

seen or
sim.seen

((vljwl) + (Ug,wg)) + (Ug,wg) = (v1 + vo, w1 + wg) + (Ug,wg) 2, A
= ((v1 +va) + s, (w1 + w2) + w3)

Evl + (UQ + ’U3) w1 + (’LUQ + wg))

(

v, w1) + (ve + v3, wa + ws)
v, wr) + ((v2, w2) + (v3, w3))

A3: Let (vi,wy) € V x W 2, A
(vi,w1) + (Oy,0w) = (vi 4 Oy, wi + Ow)

= (v1,w1)

seen or
sim.seen

(i) Clearly, since both A and B are non-empty, we have that A x B # (). It is also clear that

AxBCV xW. 5 B
Let (al,bl), (az,bg) € Ax B. Then (al,b1)+(a2,b2) = (a1 +a2,b1+b2). Since A <V, )
we have a1 + ag € A, and similarly by + bs € B, therefore (aj,b1) + (a2,b2) € A X B. 1 A
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Let (a1,b;1) € A x B and let A be a scalar. Then A(aj,b1) = (Aa1, Aby). Since A <V,
we have Aa; € A, and similarly Ab; € B, therefore A(a1,b1) € A x B. 1, A



2 0 10 11 10
=01 )=o) m=(o 1) n=(1 1)

The following equations show that B is in the span of B’

(201 — b9)

Wl

(—b1 + 2b2)
— by — (%(251 - bg)) —~ (%(—bl + 2b2))

= by— (%(21)1 - bg)) - (%(—bl + 2b2))

Wl

Please award full marks if they do this but use shortcuts like using ( (1) 8 ) directly if they

have already shown how it is in the span of B’.  Since |B| = |B’|, B is a basis, B’ is spanning,
and V is finite dimensional, we know that B’ is a basis.

(b)  (0)

1 0 00
0 010
0100
0 001
10 00
0100
0 001
0 010

(iii) Using the equations from Part (a), we get

Inverting this matrix gives us

2 -1 -1 -1
. 1 -1 -1 -1 2
plide=21 4 35 o o
0 0 3 0

2 1 11

. 10010

1 211

(c) Suppose there is a basis D of M such that p[S]p is the identity matrix, then let D =
{di,...,ds}. For all i, we have that S(d;) = d;. Since D is a basis, for every M € M
there are aq, ..., a4 such that M = ajdy + asds + asds + audy.

S is a linear transformation, so

S(M) =

S(ody + agds + asds + audy)

OqS(dl) + OzgS(dg) + OégS(dg) + 044S(d4)
ardy + aade + asds + aiudy

M

Therefore, if there is such a D exists, then S(M) = M for all M.

(d) Let A € R. Then S(31d) = ), so the image of S is all of R, and therefore the rank is 1.
By the Rank-Nullity Theorem the nullity of S must be 3.

meth
seen |

2, A
2, A

meth
seen |

2

!

2, A

3, A

unseen

4

7, C
1, B

1, A

Y



3.

(a)

IF we apply the given formula repeatedly, we get unseen

n n—k v

Tk(z Ckibi) = Z OCZ'Jrkbi
i=1 i=1
Taking k = n, we get that 7" (v) = 0 for all v. 2, A
Clearly by definition, Nil(7') is a subset of V.
Since T is a linear transformation, 7°(0) = 0, and therefore Nil(T’) is non-empty. Srg:;hu
Let u,v € Nil(T'), i.e. there are n,,n, € N such that 7"*(u) = 0 =T""(v). Then
Thutny (u + U) = Tnutny (u) + TMutn (v)

= T (T (u) + T (T (v))

= T™(0)+1Tm(0)

= 040

=0
Therefore T' preserves addition.
Let v € Nil(T), i.e. there is n € N such that 7"(v) = 0, and let A be a scalar. Then

T (Av) = XI™(v)
= A0
= 0

Therefore T' preserves scalar addition.
Therefore Nil(7T') is a subspace of V. unseen
Suppose T is nilpotent, but that the degree of T' (denoted by m) is strictly greater than dim(V), LY

i.e. there is a v € V such that 7™ 1(v) # 0. In particular, this means that 7%(v) # 0 for all
1< m.
Let's investigate the set

X ={v,T(v), T*(v),...,T™ (v}

Suppose that this set is not linear independent, i.e. there are «; such that
m—1 ]
Z a; T (v) =0
i=0

using the convention that 79 = id. If we apply 7! to both sides of this equation, we get
that
TN aT(v) = TH0)
T (v) + Z;’;_ll ;T i) = 0
T 1(v) = 0

This contradicts our assumptions about v and the degree of T'. Therefore the set X is linearly
independent. However |X| = m, which is greater than the dimension of V, so we have a second
contradiction.
Therefore the degree of T is less than or equal to the dimension of V.

seen or
sim.seen

Let n be the degree of T

(I-T)Y 0y T (T =TT
= ]

Similarly, the inverse of (I +T) is 1y (—1)'T"
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(4) (a) (i) The images of the vectors in B are already given in terms of the basis B. (T'(vi) =
—2 Ug,T(Uz) = 21)2 — 3U3,T(U3) = —v1 + 113.) Thus

0 0 -1
A=[Ts=(0 2 o].
-2 -3 1
(2 marks) Cat A Seen

(i) The characteristic polynomial of A is det(XI3 — A) = (X + 1)(X — 2)2. Thus there are
two eigenvalues: —1 and 2.

We are working with coordinates in the basis B so E_; = Span(v; + v3).
The eigenspace for 2 is

2 01 -1
Ey=ker {0 0 0| = Span 0.
2 31 2

We are working with coordinates in the basis B so Fy = Span(—uv; + 2v3)
(2 marks) Cat A Seen
The eigenvalue 2 has multiplicity 2 as a root of x7 but Fo has dimension 1. It follows that
it is not possible to find a basis of eigenvectors for 1" and therefore T is not diagonalisable.
(2 marks) Cat A Seen
(b) (i) The matrix A, . is invertible if and only if det(A;,.) # 0. We compute det(A,, ~)
as a function of z,y, z: subtracting the first row to all the others we see that A, , . is
row-equivalent to

(2 marks) Cat A Seen
The eigenspace for —1 is

-1 0 1
E_j=%ker(—Iz3—A)=ker{ 0 -3 0 | =Span

2 3 =2

[

11 11
, o z+1 0 0
=10 0 4o

0 1 0 z

A Laplace expansion along the first column of A’ gives that

x+1 0 O
det(Azyz)=| O y 0| =yz(z+1).
1 0 =z

We conclude that A, , . is invertible for all triples in

{(z,y,2) ER® |z # 1,y # 0,2 # 0}.

(3 marks) Cat B Unseen but standard
(i) The answer in no. Suppose a P as in the question exists, then by the previous part and
the fact that P! BP has determinant equal to det(B), we deduce

yz(r + 1) = xyz.

Since yz # 0, this implies that x + 1 = x, that is 1 = 0, which is a contradiction.
(2 marks) Cat B Unseen but standard
(c) (Note: A is assumed invertible only Gram-Schmidt is stated for linearly independent vectors
in the notes). Let vy,...,v, be the columns of A. We apply the Gram-Schmidt process to



v1,...,U, to obtain an orthogonal basis by, ..., b, from the columns of A.
b1 = wvq; v1 = by;
b1 - v b1 - vo
by = vy — bi; vo =10 b1;
2 2 by by 13 2 2+b1-b1 13

b1-v3 bg"l)g ) (bl‘UB b2'v3 )
bs = v3 — b by | ; =b b bs | ;
BT (bl'bll+b2'b22 » vs=Dlat b1-b11+b2'bz2 7

(3 marks) Cat C Unseen
Fori=1,...,n, the above gives

v; € Spang(by, ..., b;).

(2 marks) Cat D Unseen
Let B be the matrix formed by juxtaposing the column vectors u; = b1 /||b1]|, - - -, un = bp/||bnl|-
Clearly, by the above,

v; € Spang(ui, ..., u;).

Now, if M = (m;;) € M,(R), then the jth column of BM is Y ;" m;;b;. Fori,j=1,...,n,
let ¢;; € R be such that

n
’Uj = Z C,‘jui.
=0

Then C = (¢;;) is upper triangular by (1) and BC = A. (2 marks) Cat D Unseen



8

(5) (a) (i) Wecheck that v; -v9 = —2+2=0,v;-v3=6—6=0, and va-v3 =—-6—124+15=0.
Hence {v1,v2,v3} is an orthogonal basis of R3. (3 marks) Cat A Seen
(i) Let A = [T]g. Then, for zu,v € R", T(u)-v = Au-v and u-T(v) = u- Av. Hence
T(u)-v=u-T(v) =wuif and only if Au-v = u- Av. We rewrite this as last equation as
ul ATy = ot Av.
This holds for arbitrary u,v (thus in particular for u,v in a basis of R*) and hence it
implies A = AT (3 marks) Cat A Seen
(iii) By the Spectral Theorem, A is diagonalisable in R. Let D = diag(A1,...,\,) be a
diagonal matrix such that P~'AP = D for some invertible n x n real matrix P. Then
xa(X) =T1I=; (X — \;) as required. (2 marks) Cat A Seen
(b) Let E = {e1,ea}. A rotation of R? is such that T'(e;) = (cosf)e; + (sinf)es and
T(e2) = —(sinf)e; + (cos B)ey for some 6 € [0,27). We deduce that
cosf) —sinf
A=Tlp = (sine cos 0 >

(2 marks) Cat B Seen
Therefore

AAT — (6089 —sin@) ( cos 6 sin@) _ 5

sinf cosf —sinf cos6

proving that A € O, (R). (1 mark) Cat B Seen
() (i) Let A= (ay;) have columns cy,...,c,. Then forall k, £ =1,...,n,
n
ok =Y Qi
i=1
If £ # k and then there is a unique iy such that a;,, # 0, but for this ig, aj,r = 0
by definition of H. Thus ¢; - ¢ = 0 for all £ # k, proving that the matrices in H are
orthogonal. (2 marks) Cat B Unseen but standard.
(i) The matrices in H are those whose columns form a permutation of the standard basis.
Indeed on the one hand, every matrix whose columns are a permutation of the standard
basis is clearly in H. Conversely, let A € H. Then, by definition, each of its columns is
a vector of the standard basis, and since there is only one non-zero entry in each row, all
the vectors of the standard basis appear as a column of H. It follows that there is o € S,
such that
A= on
where A, € My(F) is the matrix whose ith column is e, ;. Thus
H={A,|o0€S,}

(3 marks) Cat C Unseen
It is now easy to check that H is a subgroup. Clearly H is non-empty as it contains the
identity matrix. Moreover let o € S,,. Then for i € {1,...,n}

(Ao')ileo-(i) =e; = A, € (i)
Since {ey(;y | i =1,...,n} is a basis of R" we deduce that (A;)~! = A,—1 € H. Finally,
let o,7€ S,. Thenfori=1,...,n
AsAre; = Aoer(i) = Coor(i) = Agor€;.

This implies that A, A; = Ayo-, because they coincide on the standard basis. Hence
AsA; € H. This shows that H is a subgroup of G. (3 marks) Cat D Unseen
The map ¢ : S, — H defined as 0 — A, is a homomorphism by (2). Clearly it is
surjective because H = {A, | 0 € S, }. Moreover A, = I, if and only if o = id. Hence
ker ¢ = {id} and so ¢ is an isomorphism. (1 mark) Cat D Unseen



(6) (a)

(i) Clearly H # ) as (0,0) € H. Let z,y € R?. Then
(—z,—2z) € H, and (z,2z) + (y,2y) = (z +y,2(x +y)) € H.
Thus H is a subgroup by the subgroup test. (2 marks) Cat A Very Similar to Seen

(ii) Thereis an isomorphism ¢ : H — R given by (z,2z) — x. Clearly this is a homomorphism
as, for x,y € R,

oz +y,2(x +y) =z +y = ¢(x,2) + ¢(y, 2y).

This has trivial kernel as ¢(x,2x) = 0 if and only if z = 0. Moreover it is surjective
because, for all x € R, x = ¢(x, 2z). (2 marks) Cat A Very Similar to Seen.
(i) Let aq,b1,a2,b2 € R. We define

((al,b1) —l—H) * ((ag,bg) —|—H) = (CL1 + a9, by +b2) + H.

We check that * is well defined and gives a group structure. Let af, b}, d}, b, € R such
that (a1 — a),b1 — b)) = (z,22) € H and (az — ab, by — by) = (y,2y) € H for some
x,y € R. Then

(a1 +ag,by +by) + H =

(a1 —a +a} +as —ab +ab, by + —b) + 0] +bo — by + b))+ H
= (a} +ah, by +bh) + (x+y,2(x+y)) + H
= (a} + a5, b} +by) + H.
Clearly * is a binary operation as ((a1 + ag,b1 + be) + H is a left coset of H for all
ai,bi,a2,bs € R, (2 marks) Cat A Similar to Seen

The operation is associative as it inherits associativity form the + operation. The identity
element is the coset (0,0) + H. Indeed for a,b € R

((a,0) + H) % ((0,0) + H) = ((a+0,b+0)+ H) = ((a,b) + H) = ((0,0) + H) % ((a,b) + H).

Finally, for all a,b € R,

((a,b) + H) x ((—a,—-b)+ H) = (a—a,b—b)+ H=(0,0)+ H)

(b)

(c)

= ((—a,—b) + H) * ((a,b) + H).

(2 marks) Cat A Similar to Seen
The decomposition is
(175436)(298).

To show this, we start by following the image of 1 through applying o repeatedly: 1 +— 7 —
5+ 4 3+ 6+ 1. After this, we pick an element that is not moved by the cycle above,
for instance 2, and follow its image through some repeated applications of ¢ until we land on 2
again: 2— 99— 8 2.
(3 marks) Cat B Similar to Seen
(i) If the index of H in G is 2, then there is g € G such that

Sl = {H79H}

Hence gH = G . H because the left cosets of H cover all of G.
There is a bijection between S; and Ss given by f : gH — Hg™': clearly f is well defined
and injective because for all g1,92 € G, g1H = goH if and only if g;lgl € H, if and
only if ng_lgl = H, if and only if HgQ_1 = Hg%_. Moreover f is also surjective because
Hg= f(g~'H) for all g € G.

(1 mark) Cat B Similar to Seen (Remark in the notes after def 2.9).
It follows that Sy = {H, Hg'} for some ¢’ € G and hence gH = G ~ H = Hg' (because
the right cosets cover all of G as they are equivalence classes of the equivalence g; ~ g
iff gog; ! € H.)

(1 mark) Cat B Similar to what seen for left cosets.
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(ii) For this solution we view {1,—1} as a subgroup of Q*. By Theorem 4.18 in the notes

the sgn map is a homomorphism Sy — {1, —1}; hence H = ker(sgn).
(1 mark) Cat C Seen
Moreover if 0 € S5 and sgn(o) = —1, then sgn(cH) = —1, because sgn(or) =
sgn(o)sgn(r) = —1-1 = —1. Thus H has only two left cosets in S5 and |S5 : H| = 2.
We conclude that the set of left cosets is the same as the set of right cosets by the
previous point. (2 marks) Cat C Unseen

(d) Let n be the order of G. For all g € G we define

Ag : G — G by h — gh.

We claim that ), is a bijection for all g € G. Indeed, for all k € G, k = g(g7 k) = \y(g7 k).
Thus \g is surjective. It is also injective, because if A\j(h) = Ag(k) for some h,k € G, we
deduce that

1

gh = gk; hence h = k by multiplying the last identity by ¢~ on the left.

The rule g — ), defines a map
A: G — Sym(G).

We show that A is an injective homomorphism. This will conclude the proof as then the image
of A will be a subgroup of Sym(G) isomorphic to G and Sym(G) is isomorphic to S,,.
We prove that A is a homomorphism. Let g,¢' € G. Then for all h € G,

Agg'(h) = (99 )h = g(g'h) = gAg (h) = Ag(Agr(h)) = Ag 0 Agr (R).
This shows that A is a homomorphism because the product in Sym(G) is the composition of
functions. It remains to show that the map is injective. To this end, let g,¢g’ € G be such that
gh = ¢'h for all h € G. Then, multiplying on the right by h~! we get g = ¢/; thus A is injective.
(4 marks) Cat D Unseen.
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Comments for Students

"Part (a) had a very elegant solution, if you preformed the row operations while keeping entry of
the augmented matrix as integers, then the result was valid for all 3 parts, and would lead to a very
quick solution. It was much more common to do 3 separate row reductions, which is a perfectly
valid method.

You must check that the subspace test can be applied every time you use it. This was a very

1 common mistake."
2

(c) was extremely challenging, well done to anyone who got it right. There are lots of possible
solutions to it, and the method presented in the solutions was the rarest one to be actually used in
the exam.

The most common idea was to consider ker(T), ker(TA2), ... showing that this is an increasing chain
of subspaces of V. The point at which this chain becomes V is closely linked to the degree of T. This
method needs a lot of lemmas to work, however, so was hard to get full marks with.

Another method used the Cayley-Hamilton Theorem. It's possible (but not easy) to show that the
characteristic polynomial of T must be x/{i} where i<dim(V). You then needed to show that

3 deg(T)<i.

4

5



5a was generally solved well (there is no need to show that a set of orthogonal vectors is linearly
independent because this is always the case, so | did not penalise those that did not show that)
5b not everyone produced a full proof of the shape of the rotation matrix but | have been lenient
marking this one
Most students used a different argument for 5c to the one in the solutions, | have therefore used a
different marking scheme:
B3 marks for subgroup test (1 each part)

Linear Algebra and Groups_MATH40003 6 B4 marks for isomorphism (1 for map 1 for homomorphism 1 for injective 1 for surjective)
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