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1. (a) Let n € N and let A, B,C € M,x,(F) be n x n matrices with entries in a field /. From

first principles (i.e. using the definition of matrix multiplication and addition) prove carefully
that A(B+C) = AB+ AC.

You may of course use the field axioms for F. (4 marks)

(b) For each of the following statements say it if is TRUE or FALSE, give a proof or counter
example.

If you say it is TRUE you need to prove it for all n € N (over any arbitrary field F'), if you
say it is FALSE you just need to find a counterexample for some n (and some field F).

Let £ be a field. For all n € N and all A, B € M,,x,(F):

(i) if A and B have inverses then so does A + B, (2 marks)
(ii) if A and B have inverses then so does AB, (2 marks)
(iii) if AB = BA then either A or B is diagonal, (2 marks)
(iv) if A is diagonal then AB = BA. (2 marks)

(c) Let A be a set of matrices that is closed under multiplication. The centre of A is defined to
be the subset of matrices in A which commute with all elements of A. It is denoted

Z(A)={A€A:VBeA, AB = BA}.

Find Z(A) for the following definitions of the set A.

{320 ) -

(i) A = {(8 g) ae R}, (3 marks)

(i) For n € N, A = {A = (a;5) € Mpxn(R) : a;; = 0if i > j}, i.e. the set of strictly
upper-triangular matrices.
Hint: Given a matrix A, you may assume without proof that fo(B) = AB — BA is a
linear transformation. Then A is such that f, = 0 if and only if it is zero on all the
standard basis elements. Also note that part (ii) is the case where n = 2.
(4 marks)

(Total: 20 marks)
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2.

Let A, B, C' be subspaces of a vector space V' over a field F'.

(a) Show that AN B is a subspace of V. (3 marks)
(b) Suppose that A, B, C' are finite dimensional and that C' C B. Show that:

(i)
dim(ANB) > dim(ANC)

(3 marks)

(ii)
dim(ANB) =dim(ANC)ifandonly if ANB CC

(4 marks)

(c) Show that V is infinite dimensional if and only if for any A, B and C finite dimensional
subspaces of V' with C' C B there is an A" with dim(A’) = dim(A), dim(A' N B) =
dim(A'NC),and ANC=A'NC. (7 marks)

(d) Suppose that:
V =Rz]
A={a(x+1)+bz?*:a,beR}
B={c+dx+ex?:cdecR}
C={ra?:r eR}

Find a suitable candidate for A’ in part (c) for this example. How many possibilities for A’
are there in this case? (3 marks)

(Total: 20 marks)
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3. (a) Let f:R®>— R be the linear transformation defined by

xr
fly|=z+y+2
z

(i) Find a basis for ker f (where ker f denotes the kernel of f). Justify your answer. (4
marks)

(i) Find an isomorphism from R? to ker f.
(3 marks)

(iii) Find dim(Im f) (that is, the dimension of the image of f) (1 mark)

(b) Let V' be a vector space over R. We call a function p : V' x V' — R pink if it satisfies the
properties

plu+v,w) = plu,w) + p(v, w)

) =
p(u, v+ w) = plu,v) + p(u, w)
plu, Aw) = Ap(u, w)
) =

p(Au, w) = Ap(u, w)

for all u,v,w € V and A € R. We call a function very pink if it is pink and p(v,v) = 0 for
allveV.

(i) Show that for a very pink function p we have that p(v, w) = —p(w,v) for all v,w € V.
HINT: Consider p(v + w,v + w). (3 marks)

(i) Is the function p : R™ x R™ — R such that p(v,w) = vTw pink? Is it very pink? Justify
your answers. (4 marks)

(iii) Let V = R?. Find a matrix A € SLy(R) (that is, A € Msyo(R) with det(A) = 1) such
that p: V x V — R defined as p(v, w) = v Aw is very pink. (5 marks)

(Total: 20 marks)
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4.  (a) Let V=R3*and T :V — V be the linear transformation defined by

T T
T To | = 6I1+3I2+2$3
XT3 —]_21‘1—4{[‘2—3{['3

Let £ = {e1,eq,e3} be the standard basis of R? and A = [T].

(i) Write down A, explaining your answer. (2 marks)

(ii) Find the eigenspaces of 1" (show the details of your calculation), and determine whether
T is diagonalisable or not (explain your answer). (6 marks)

(b) Let {a;}ien, {bi}ien, and {c;}ien be three sequences of real numbers. Let n € N~ {0}. We
define T}, € M, «,(R) by

aq bl 0 s 0 0
C1 Qs bg ce 0 0
0 ¢ as . 0 0
T1:CL1, Tn: . . . . . . fOI’TLEQ.
0 0 0 . Ap—1 bn—l
0O 0 0 - cp1 ap

(Where only the entries on the diagonal and those adjacent to it are non-zero.)

(i) Define d, = det(T,). For n > 2, express d,, as a recursive formula, that is as an
expression in terms of dy,...,d,_1. (5 marks)

(i) Assume there are b, c € R with b # ¢ and such that a; = b+ ¢, b; = b and ¢; = ¢ for all
© € N. Find a closed form expression for d,, in terms of b and ¢ by diagonalising a 2 x 2
matrix. (7 marks)

(Total: 20 marks)
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5. (a) Give the definition of a cycle in S,,. (2 marks)

(b) Let 0 = (1234) and consider 7 = (14)(23) be permutations S;. Define the set
D:={c", 0" o1li €{0,...3}}.

(i) Write the elements of D as products of disjoint cycles. How many elements does D
have? (Justify your answer.)
(3 marks)

(i) Show that o7 = 707! and 7o"77 ! =07, foralln € {1,...,4}. (3 marks)

(iii) Use the subgroup test to prove that D is a subgroup of Sy. (You are not allowed to use
any results about the dihedral group for this part.) (5 marks)

(c) Let A € M,x,(R"™). Consider the group (R™, +) and its subgroup
W ={w e R"Aw = 0} < (R", +).
Fix b € R™. Show that the set of inhomogeneous solutions
U= {zx € R"|Az = b}
is either empty or a coset of W by some u € (R", +). (4 marks)

(d) Let G be a finite group and let H and K be subgroups with relatively prime order. Show
that H N K = {e}, where e is the identity of G. (3 marks)

(Total: 20 marks)
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6. (a) For each of the following definitions of the group G determine if G is cyclic. Justify your

answers.
(i) G = (Z,+), where + is the usual addition in Z. (1 mark)
(i) G = (Q,+), where + is the usual addition in Q. (2 marks)
(ili) G = (Max2(R),+), where + denotes the usual matrix addition. (2 marks)

(b) Let G, H be groups and let ¢ : G — H be a homomorphism. Suppose G is cyclic. Prove
that Im ¢ is cyclic. (3 marks)

(c) Let p € N be a prime number and let G be a group of order p. Let H be a group with
identity ey and let ¢ : G — H be a homomorphism. Suppose that there is g € G such that
©(g) # epy. Prove that ¢ is injective. (5 marks)

(d) Let G be a group. Define
Aut(G) = {p : G — G | p is an isomorphism}.

(i) Prove that if ¢ € Aut(G) then ¢~ € Aut(G), where ¢! is the inverse function of .
(1 mark)

(ii) Prove that, for all @1, ¢y € Aut(G), ¢1 0 s € Aut(G) where o is the composition of
functions. (1 mark)

(iii) Hence, or otherwise, conclude that (Aut(G), o) is a group.
(1 mark)

(iv) Consider the following subset of G:
Z(G)={x € G| gr=uzgforall g € G}.

Find a homomorphism C' : G — Aut(G) such that Z(G) = ker C'. (Justify your answer.)
(4 marks)

(Total: 20 marks)
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Solutions

1. (a) We write A = (aij)ij, B = (blj)lj and C' = (Cij)ij- For all Z,] € {1, e ,n}, let di]’ = aij+bij-
By definition of matrix addition

On the one hand, by definition of matrix multiplication

C(A+B) = (

1kdkj>

= (Z cir(ar; + bkj))@j

3 HM:

1

= <Z CikQlj + Z Czkbk]>
k=1

k=1

3

ij

where the last equality holds by the distributive law in F.

On the other hand, the definition of matrix multiplication gives that

A= (Z Cikakj> ,  CUB= (Z Cik%’) :
k=1 ij k=1 ;

ij

Thus by definition of matrix addition we get

CA + CB = <Z CikQfj + Z Cikzbkzj>
k=1 k=1

ij

We conclude that C'(A + B) = CA + CB because we have proved that, for all 4,j €

...

,n}, the ij-th entry of C'(A + B) is equal to the ij-th entry of CA + C'B.
(4 marks)Cat A Seen

(b) (i) This is False. Take A = I,, and B = —1I,, for a counter example: I, is invertible (with

(ii)

inverse I,,) and —1,, is also invertible (with inverse —1,,), but their sum is the zero matrix
which is not invertible (its rank is 0 which is less than n).
(2 marks)Cat A Seen

This is True. Indeed, suppose that both A and B have inverses. This means exactly that
there exist A™1, Bt € M,,,,(F) such that

AAT'=A"A=1,=BB'=B"'B.
By associativity of the matrix product, it follows that

(AB)(B™'A™") = A(BB"Y)A™' = A[,LA™' = AA™' = I,
(B'A™Y)(AB) = BY(A'A)B=B"'I,B=B"'B =1,

Thus AB is invertible. (Some people might use that GL,(F) is a group and use a
general result for inverses of products in a group, but doing this in detail is not easier
than the direct proof.)

(2 marks)Cat A Seen



(iif)

(iii)

This is False. Indeed, for all n > 1, if A is not diagonal and B = A
AB = AA = BA,

but neither A or B is diagonal.
(2 marks)Cat B Unseen

This is false. Let n = 2 and let

() o)

Then A is diagonal but AB # BA. This counter example works over any field, if the
candidate does not specify the field of definition and the counter example works over R,
full marks should be awarded.

(2 marks)Cat B Unseen
Let

One checks that AB = BA = A, thus Z(A) = A.
(1 mark)Cat A Unseen

One observes that for all a,b € R

0 a) (0 b\ (0 0
0 o/\o o/ \o 0/
Hence, for A, B € A, AB = BA and therefore Z(A) = A.

(3 marks)Cat C Unseen

Fori,j € {1,...,n}, we define ¢;; to be the matrix with 1 in position (4, j) and zeroes
everywhere else. For A, B € M,,«,(F") we set

[A, B] = AB — BA.

Then, for i,j,k, 0 € {1,...,n},
€ijCre = OjkCir, (1)

where 9§, is the Kronecker delta and is defined as

1 =k
Ojk = .
0 j#k.

The matrices ey with k& < ¢ form a basis of the strictly upper-triangular matrices.
Moreover, if we fix A, the map B — [A, B] is linear; therefore, A € Z(A) if and only if
[A,exe] =0 forall k, ¢ € {1,...,n}.

We claim that Z(A) = Span{ey,}. We argue by induction on n. If n = 1 the claim
holds because we are looking at the set A = {0}. If n = 2 we showed the claim in the
previous part of this question. Suppose that n > 3. If £ > 1 and we remove the last row



and the last column of from ex, we obtain an (n — 1) x (n — 1) matrix, so by induction
A can only be supported on the last column or in position (1, — 1), by this we mean
that .
A= Z Ain€in + A1 pn-1€1n-1
i=1
for some a;;'s in F'. Similarly, if we consider £ < n and remove the first row and column
from e, we obtain that A can only be supported in positions (1,n — 1), (1,n), and
(2,n).
Suppose that A = ay 5,—1€1 -1+ A1 n€1n + A2 n€2, With ay,,—1 # 0, then [A,e,-1,] # 0
by (1). Similarly, A ¢ Z(A) if az,, # 0, by considering [A,e;12]. We conclude that
Z(A) C Span{ey,}. Conversely (1) readily implies that [ey,, B] = 0 for all B, so we
conclude that Z(A) = Span{ey,}.
Alternative solutions are possible: for example for the first of the three above, one could
observe that A is a group of order 2 and therefore abelian (so Z(A) = A), but one needs to
prove carefully that A is a group.
(4 marks)Cat D Unseen



2. (a)

()

AN B CV and thus we can use the subspace test:

— Non-empty: Oy € A and 0y € B as they are subspaces, thus 0,y € AN B.
(1 mark)Cat A Seen

— Closed under addition: Let v,v9 € AN B then v;,v5 € Aand v1,v, € Bsov;+vy € A
and v; +v9 € B, thus v; +v9 € AU B.
(1 mark)Cat A Seen

— Closed under scalar multiplication: Let v € AN B and A € FFthenv € Aand v € B so
AweA weBsowe ANB.
(1 mark)Cat A Seen

(i) We know that AN B is a subspace of V' (and thus a vector space in its own right). Also,
as BOCwehave ANB DO ANC. Now ANC' is a subset of AN B and thus we can
apply the subspace test, and by an argument similar to part (a) we see that ANC'is a
subspace of AN B. We thus have that dim(AN B) > dim(ANC).

(3 marks)Cat B Unseen

(i) (=) Suppose dim(ANB) = dim(ANC'). We know from part (ii) that ANB > ANC as
these are both finite dimensional vector spaces we have that if they have equal dimensions
then they are equal. le ANB=ANC CC.

(2 marks)Cat C Unseen

(«<=) Suppose ANB C C, then note also ANB C Aso ANB C ANC. Alsoas B2 C
we have ANB DO ANC thus ANB=ANC and so dim(AN B) =dim(ANC).
(2 marks)Cat A Unseen

(<) Suppose V is finite dimensional. Then choose V= A = B and C' = {0,} then if
dim(A’) = dim(A) we have dim(A’) = dim(V) and so A" = V. However, we then have
that AN C = {0y} and thus dim(A’ N B) # dim(A’' N C).

(2 marks)Cat C Unseen

(=) Suppose V is infinite dimensional. Let A B and C be finite dimensional subspaces of
V with C C B. Suppose dim(A) = n, and that ¢y, ..., ¢,, is a basis for AN C. This can be
extended to a basis for AN B, and then to a basis for B, say ci, ..., ¢y, b1, ...b;.

As V is infinite dimensional we can find n — m linearly independent vectors, v,,1, ..., Uy, in
V' that are not in the span of ¢y, ..., ¢, b1, ...b;..
(2 marks)Cat D Unseen

Let A" = Span{cy, ...., Cn, U1, -, Un } then:
— dim(A’") = n = dim(A).
— dim(A’' N B) = dim(Span(cy, ..., ¢)) = dim(A' N C)
— A'NC = Span(cy,....,cn) = A NC

Proof: The first point is obvious, the last two points follow because A N B = A NC =
Span(cy, ..., ¢m). Clearly AN B D A'NC D Span(cy, ...., ). So it is sufficient to show



A'N B C Span(cy, ....,¢n), suppose x € AN B then
=" e + E?zmﬂmvi = X2 vic + E;:m+1ﬁibi

So
Oy = X% (A — vi)ei + Z?:mﬂ(_/v‘i)vi + 2;:m+1(_6i)bi

So as {c1, .ty Cmy b1y ooy by Vg1, .., U} is linearly independent we have )\, = v; and
i = B; = 0 for all i.
Thus = € Span{ci, ....,cm }.

(3 marks)Cat D Unseen
Now, dim(A) = 2, ANC = C = Span(z?), by part (c) we need v ¢ Span(1,x,z?), e.g.
v =213 solet A = Span(x?, z3).

(2 marks)Cat A Unseen

There are infinitely many possibilities for v, and so infinitely many possibilities for A’.
(1 mark)Cat B Unseen



3.

(@) ()

The kernel of fiskerf=<q|y|:24+y+1=0
z
(1 mark)Cat A Seen
1 0
One possible basis is B = 01,11
-1 -1
(1 mark)Cat A Seen
1 0
B is linearly independent because if a| O | +| 1 | = | 0| then a and b must be
—1 —1 0
zero.

(1 mark)Cat A Seen
x
Then B is a spanning set, because if | y | € ker f then we can write

z
T 1
yl=x2| 0 |+y]| 1
z —1 —1
since z = —x — .
(1 mark) Cat A Seen
1 0
Consider the map F': R? — ker f such that F(e;) = | 0 | and F(ex) =] 1 |. This
—1 —1
is a linear map by a Proposition in the notes (5.14). The function F” : ker f — R? such
1 0
thatz | 0 | +y| 1 | — (;) is the inverse of this function, so F' is a bijection and
—1 —1

hence an isomorphisms.
(3 marks)Cat A Seen

It follows from a(i) and (ii) that the dimension of ker f is 2 and so by the Rank-Nullity
Theorem, dim(Im f) = 1.
(1 mark) Cat A Seen

Since p is a pink function, we have that
pv+w,0+w) = p(v,v) + plw,w) + plv,w) + plw,v). (2)

As pis very pink, it is also true that p(v+w, v+w) = p(v, v)+p(w, w)+p(v, w)+p(w, v).
Putting this into (2) we get that

p(v,w) + p(w,v) = 0.

Rearranging gives the result.
(3 marks) Cat C Unseen



(i)

(iif)

We know that (u + v)T = u” + v’ and (Au)? = Au’. Using these we get that
plu+v,w) = (u+v) w=u"w+ovTw = plu,w) + pv,w)

and
p(Au,w) = (Auw) w = M"w = Ap(u, w).

The other two conditions are similar. Hence p is pink.
(3 marks) Cat B Seen
We show that it is not very pink. Choose v = ¢; the first standard basis vector. Then
pler,e1) =ele; =1, so pis not very pink.
(1 mark) Cat B Seen
0

1
We can choose for example A = ( 0) . Now A is invertible and we can compute

using the formula in the notes that det(A) =0 — (—1)1 =1, so it is in SLy(R).
(3 marks) Cat D Unseen
Similarly to 3b(ii) we can show using properties of the transpose and matrix multiplication

that p is a pink function.
(1 mark) Cat B Seen

To see that p is very pink, let v = <v1> . Then
(]

0 1 0 1 )
T - 1
p(v,v) = v (_1 O) v = (vl Ug) (_1 0) <v2>
- (_U2 Ul) <U1> =~V + V102 =0,
(]

as required.
(1 mark) Cat D Unseen

(Total: 20 marks)



4. (a) (i) The images of the vectors in £ are

1 0 0
Tley)=1| 6 |,T(e2)=1] 3 [, T(es)=1| 2
—12 —4 -3
Thus
1 0 O
A=1| 6 3 2
-12 -4 -3

(2 marks) Cat A Seen
= (X —1)%(X +1). Thus there are

(i) The characteristic polynomial of A is det(X I3 — A)

two eigenvalues: 1, —1.
(2 marks) Cat A Seen

The eigenspace for 1 is

0 0 0 1 -1
Ey =ker(l3—A)=%ker | -6 —2 —2| =Span<|—1],| 2
12 4 4 -2 1
The eigenspace for —1 is
-2 0 0 0
E i =%ker| -6 —4 —-2|=Spang |-1
12 4 2 2

(3 marks) Cat A Seen

There is a basis of R? consisting of eigenvectors of A. Hence A is diagonalisable.
(1 mark) Cat A Seen

(b) (i) If n > 2, a Laplace expansion along the last row gives that

0o --- 0 0
0 0

0 0

a; by

C1 Q9 bg
(3 marks) Cat B Seen

dn = Qp, * dn—l — Cp, det | 0 Cy QA9

0 0 0 Cp—1 Qp—1 bn—l
=y, - dp—1 — bpcpd,_o (by column exp. along the last col.) (2 marks) Cat B Seen

(ii) This is similar to the exercise on finding the closed form for the Fibonacci sequence,

which is in one of the problem sheets.
We re-write the recursive relation above with the new assumptions: for n > 2

dn = adn—l — den_g.



(1 mark) Cat C Unseen
In fact, if we set d_; = 0 and dy = 1, the relation above holds for all n > 1. In other

words for all n > 1 we have
d, \  (a —bc\ (dy
dn—l N 1 0 dn—2 .

Let A be the matrix in the equality above. By induction on n we get

d 1
" =A" :
) =+ )
(2 marks) Cat C Unseen

Thus, it now suffices to show that A is diagonalisable and that to express e; as a linear
combination of its eigenvalues.
The characteristic polynomial of A is

XX —a)+bc=X*—(b+c)X +bc= (X —b)(X —c).

(1 mark) Cat D Unseen
The assumptions on b and ¢ imply that the polynomial above has two distinct roots,
namely X = b and X = c¢. Therefore A is diagonalisable and we may proceed with
finding the close form expression.
We compute the eigenspaces for A:

o Eigenvalue b. The eigenspace is

e (5 )-om{3)

(1 mark) Cat D Unseen

o Eigenvalue c. The eigenspace is

o4 ) {)

1 mark) Cat D Unseen
Vyp = (f) , forx =0, c

Then e; = (b — ¢) (v, — v.). Applying A" and using the fact that v, and v, are

Let

eigenvectors, we obtain that
A"ey = (b— ) (b vy — c"ve).

Thus, d, = (0" — 1) /(b — ¢). (1 mark) Cat D Unseen
(Total: 20 marks)



(a) A permutation ¢ € S, is called a cycle if there is a sequence of distinct numbers
ay,...,ar € {1,...,n} such that

o(a)) =ag, o(az) =as, .., o(ag_1)=ar, olax)=a

and o (i) = i for every number not in this sequence.
(2 marks) Cat A seen

(b) (i) Recall that a 4-cycle has order 4, hence ord(c) = 4 and the set D is given by

D = {0°0,0%0*c°cr,007,0%07,0° 07}

= {id, (1234),(13)(24),(1432),(14)(23), (24),(13), (12)(34)}.

And |D| =8
(3 marks) Cat A seen

(i) (1234)' = (1432) (just run the cycle backwards). From the previous computation

or = (24), and so is 7o 1.

o= (o) = (r7tor)" = (" tor)(r 7 or) ... (77 oT) = T T L
(3 marks) Cat A unseen
(iii) We will use the subgroup test. Clearly the identity is in D as 0° = id, hence D is not
empty. We just need to show that if g, h are in D, then gh=™' € D. Assume that
g and h are in D. Note first that 7 is it's own inverse as it is a disjoint product of
2-cycles. Moreover o is a 4-cycle, and is hence an element of order 4, meaning that

2 03} for all i € Z. Then we have four cases and we get using part ii):

o€ {0 0,0
e Ifg=0c'and h =0, forsomei,jin {0,...3}. Then gh™' =c'c™7 =o' € D.
e If g=07 and h = o' o 7, then by ii) and using 7 = 77!

ght=0lo(c’or) =007 too " =0loc’or ' =0 oreD.

1

e lfg=c'orand h=0’, gh' =0c'or007 =0c'or oo™ € D by previous

computation.
e g=c'orand h=0/or, forsomei,j € {0,...n}, gh ™t =c'oror7 oo™ =
olool € D.

(5 marks) Cat B seen
(c) (i) Either b is in the image of the map T4y : R" — R", x — Az or it is not. If it is not,
U = () and we are done. If it is, then b = Awu for some vector u € R™. Claim: The
solution set for the inhomogeneous equation Ax = b is the coset u + W. Indeed assume
thatx € u+W. Then Ax = A(u+w) = Au+ Aw = b+0 = b for some w € W, hence
u+ W C U. Conversely assume x € U. Then 0 = Az — b = Az — Au = A(z — u).
Hence x — u = w, for some w € W or in other words x € uw + W. This finishes the

proof.
(4 marks) Cat d unseen
(i) Since H N K is a subgroup of both H and K, its size divides both |H| and |K| by
Lagrange. Therefore, by relative primality of these sizes, |[H N K| =1, so HNK = {e}.

(3 marks) Cat C unseen
(Total: 20 marks)



(a) (i) Z with the addition is cyclic because for all a € Z there is n € Z such that a = n - 1,
namely n = a.
(1 mark) Cat A seen
(i) Q with the addition is not cyclic, because if it were, there would be a/b € Q such that
Q = (a/b), but then the denominators in Q would only be divisible by the divisors of b,
which is a contradiction.
(2 marks) Cat A seen

(iii) This is not cyclic because it is not abelian. For example the following two matrices do
1 0 01
0 —-1)’ 0 0/
(2 marks) Cat A seen

(b) Let g € G be such that G = (g). Clearly (¢(g)) C Im ¢ because Im ¢ is a subgroup of H.
(1 mark) Cat A seen
To show the reverse inclusion, let a € Im . By definition of image, there is h € G such that

a = @(h). Since G is cyclic, there is m € Z such that h = ¢g™. Hence

not commute:

It follows that Im ¢ C (p(g)) and so Im p = ¢(g)).
(2 marks) Cat A seen

(c) The homomorphism ¢ is injective if and only if kero = {eg}. The kernel of the group
homomorphism ¢ is a subgroup of GG. By Lagrange's theorem, since G is finite, |ker ¢|
divides the order of G.

(2 marks) Cat B seen
However G has prime order, so either |ker | = |G| or | ker | = 1. The first alternative is
not possible because, by assumption, there is a ¢ € G such that ¢(g) # eg. By definition
of kernel of ¢, g ¢ ker, so | kerp| # |G|. Hence |kerp| = 1, so (again because it is a
subgroup and it contains eg) ker ¢ = {eq}.

(3 marks) Cat B seen

(d) (i) Let z,y € G, since ¢ is bijective there exist two unique a,b € G such that x = ¢(a)
and y = (b). Hence, using that ¢ is a homomorphism,

o (wy) = o M ay) = 0 (p(a)p(b) = ¢~ (@(ab)) = ab = ¢~ (z)p ™ (y).

(1 mark) Cat C seen
(ii) Let x,y € G and ¢ = ;1 0 ¢y. Then

o(ry) = @1(p(ry)) = e1(2(2)pa(y)) = @(x)p(y).

(1 mark) Cat C seen



(iii) Let Perm(G) be group of all bijective functions G — G. We prove that Aut(G) is
a subgroup of Perm(G). (By definition, an isomorphism is a bijective function and so
Aut(G) C Perm(G).) It suffices to apply the subgroup test:

o clearly the identity function is an isomorphism G — G so Aut(G) # 0.
o If p € Aut(G) then ¢! is also a (bijective) homomorphism by (i), so ! € Aut(G).
e The composition of two isomorphisms G — G is also a (bijective) homomorphism
by (ii), so it is an isomorphism.
(1 mark) Cat C seen

(iv) The homomorphism we are looking for is C': g — ¢,, where

pg(x) = grg™

(pg(z) = g~'wg seems to work as well but then C' is actually not a homomorphism).

Clearly ¢ (x) = id if and only if gz = xg for all z € G, that is if and only if g € Z(G).
Thus, it suffices to show that ¢, € Aut(G) for all g € G and that C'is a homomorphism.
To do this, we first note that ¢, is certainly bijective: indeed, (py)~! = (¢,-1), as
g lgrg g =z for all x € G. Moreover if z,y € G

1

0go(y) = gryg ™ = grg  gyg ™" = @4(x)p,(y).

We deduce that that ¢, € Aut(G) for all g € G.
To conclude, we show that C' is a homomorphism. Let g,h € G. Then, for all x € G,

Cgh)(w) = pgn(x) = ghzh™' g~ = @y(pn(x)) = (g 0 n)(z) = (C(g) o C(h))(=).

Hence C'(gh) = C(g) o C(h) and C'is a homomorphism. (4 marks) Cat D unseen

(Total: 20 marks)



MATH40003 Linear Algebra and Group Theory

Question Marker's comment

2 (a) Answered well in general. A few people confused the subspace test with
the subgroup test.nbsp;(b) (i) Most people who attempted this had the right
idea but forgot to mention and use explicitly the fact that the intersections of
subspaces are subspaces by part (a).(i) Some good answers. Many people
attempted a proof using dim(B\C), which is not a subspace and so has no
notion of dimension.(c) Very few fully correct answers. Many people skipped
this part of the question. Some people found the correct A', but did not provide
a good justification.(d) Mixed answers. Some people gave a correct answer
without proper justification.

3 (a) (i) Answered well in general. Some students forgot to prove linear
independence or spanning condition;(ii) Most of the students gave a correct
map, but forgot to justify linearity. Those who justified it just checked additivity
and almost no one checked homogeneity of degree 1;(iii) Answered well in
general, although some students gave no justification;(b) (i)nbsp;Answered
well in general;(ii) nbsp;First part answered well in general. For the second part
(very pink) some students used matrices, instead of vectors, to give a
counterexample.(iii)nbsp;Answered quite well in general, although some
students did not check all the conditions.

5 a) What is important is to say that cycles are permutations and to explain how
they act. Make sure to mention what happens to every single element
(especially the ones that are not permuted).b) i) Main mistake was to use
wrong notation: Cycle notation is different from the "tabular” that tells which
element goes where.ii) Sometimes it was implicitly assumed that sigma and
tau commute (sigma tau sigma)"k became sigma”k tau”k sigma”k - this is not
trueliii) Main mistake was that case distinction (for showing that the set is
closed under multiplication) was not exhaustivec) Two inclusions are to be
shown.d) Note that the oder of H and K need not be prime, so they need not
be cyclic!

6 (a) (i) Answered well in general;In (ii) and (iii) some students gave wrong or no
justification;(b) Answered quite well in general, although only a small number
of students gave a clear and complete proof;(c) Only some ideas in general.
Not so many students used "kernel is trivial iff group monomorphism™;(d) (i)
Almost everyone forgot to check that the inverse function is a group
homomorphism;(ii) Many students did not check that the composition is a
group homomorphism. Some of them answered "as seen in lectures”;(iii) Many
students forgot associativity;(iv) The majority did not attempt it or gave a wrong
answer. Only a very small number of students answered well.



