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1. (a) Consider the improper integral I = [5° f(z)dz, where |f(z)] — oo asx — 0+ and f(z) — 0

as x — 0o. Define what we mean when we say that the integral I exists. (2 marks)
(b) (i) Take f(z) = }‘f;g Find lim, o, f(x), and lim,_, f(x), and all zeros of f(z).
(4 marks)

(i) Show that f(&) is a unique global maximum of f(z) where £ satisfies an equation you
need to find but do not need to solve. [Suggestion: Do not attempt to use the second

derivative test| (6 marks)
(iii)  Sketch the graph of f(z). (3 marks)
(c) Consider the improper integral J = [5° i‘j_gx"; dx.
(i) Show that J exists. (3 marks)
(i) Calculate J. [Hint: Consider the substitution x = 1/¢.] (2 marks)
(Total: 20 marks)
2. (a) Determine whether the following infinite series are convergent or divergent. (6 marks)
> 1 >, log(logn eV
Z 5 Z (q), q=>1, —
n=1" n=2 n n=0 v

(b)  Find the power series of log(1+t) about ¢ = 0, and give the values of ¢ for which it converges.
Find a rational approximation of [/ k’%dw that is correct to 4 decimals. (5 marks)

(c) Let F,(z) = sin(sin(sin(---sin(z)))---), where the sine function appears exactly n times
with n a positive integer.

(i) Show that % — cos(Fn_l)dfz;*l, and hence

an n—1
= = cos(x) ngl cos(Fy,).

Find all zeros of F,,(x) and the xz—coordinates of all local maxima/minima of F),(x).
[Recall the definition TT} _; = g - - - ] (4 marks)
(i)  Show that F,(z) <sinz < z for all 0 < z < 7/2. (3 marks)

(iii) Determine lim,_,o, F},(7/2). [Hint: Show that this is equivalent to letting n — oo in
the iteration F,, 1 = sin F,,, where Fy = 7/2.] (2 marks)

(Total: 20 marks)
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(iii)
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Write down the first 4 terms of the power series of 1/\/1—7952 about z = 0, and state
for what values of x the series converges. (3 marks)
Calculate - sin™! z and use the results of part 3(a)(i) above to find the first four non-zero
terms of the Maclaurin series of sin~! z, stating the values of z for which it converges (I
am using sin~! z but could have used arcsin z, they are the same). (4 marks)
Find a rational approximation of sin~1(1/10) that is accurate to six decimals.

(3 marks)

The functions f.(z) and fs(x) are periodic with period 27, with f.(x) even and f,(x)
odd. Write down their Fourier series and give formulas for their Fourier coefficients.

(2 marks)
Let
0 —rm<z< -3
9@) =3 2o |o <2
0 g <z<nr
Sketch g(x) and find its Fourier series. (5 marks)
Now consider the 2w —periodic function
0 —nr<zx<0
Me)=q -2 0<z<?Z
Tr—T g <z<nm

Compare the graphs of g(z) and h(x) and thus use the results from the previous question
to determine the Fourier series for h(z). [You do not need to compute the Fourier

coefficients directly.] (3 marks)

(Total: 20 marks)
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4. (a) (i) Obtain the Fourier transform of

(3 marks)

(i)  Give the Fourier transfrom of cos(wgz) in terms of the Dirac delta-functions and use
convolution theorem to obtain the Fourier transform of g(z) defined as the following

g(z) = /OO cos(wo(x — u)) e du.

(4 marks)
(iii)  Use inverse Fourier transform of your result in (ii) to obtain an explicit expression for
g(x). (2 marks)
(b)  Consider the following second order linear ODE of the Euler-Cauchy type (x> 0):
d*y dy
2 _ 2
x $—3x%+4y—4lnx+2x (1)

(i) Find the general solution of the associated homogeneous problem in terms of the
functions of an appropriate functional basis using the change of independent variable
x = €. Prove that the functions used in the solution are linearly independent.

(6 marks)
(i) Find a particular integral and hence the general solution of the full problem given by
Eq. (1). (5 marks)

(Total: 20 marks)
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5. (a) Consider the following system of coupled linear differential equations:

CZ =dx + 3y
Cclli = -3 -y
(i) Find the general solution of the system in terms of the eigenvectors and eigenvalues.
(4 marks)
(i) Describe the asymptotic behavior of the system for large ¢, obtain the vector field on the
y-axis and sketch the phase portrait for this system in the phase plane. (4 marks)
(iii)  Obtain an (implicit) equation for the family of solutions for this system. (3 marks)
(b)  Consider the following first order nonlinear ODE:
Cfgzﬁ—ry—l—rﬁ—y?’ (2)

where r € R is a parameter.

(i)  Find the fixed point(s), y*, of the system and determine their stability for representative
values of r. (5 marks)
(i) Sketch the possible values of y* against 7, and find any value of r, where there is a
bifurcation and classify such bifurcations. (4 marks)

(Total: 20 marks)

6. (a) Consider the transformation:

r=u?— v’
Yy = 2uv
(i) Compute the Jacobian of this transformation. (4 marks)

N ou v
(i) Prove that (%)x =— ((%‘)y (4 marks)

(b)  Consider the function
u(w,y) = (2* +y* = 5)(y — 1).

(i)  Find the set of points (z.,y.) that form the zero contour, i.e., u(z.,y.) = 0. (2
marks)

(i)  Find the stationary points of u(z,y) and classify them stating clearly the conditions used
for the classification. You should use the Hessian of u(z,y) at the stationary points
to classify them. Note, you do not need to classify any stationary point for which the
Hessian is zero. (6 marks)

(iii)  Sketch the contour plot of u(z,y) indicating the zero contour (u = 0) and a few other
representative contours. Indicate in your sketch the positions of the stationary points
and the regions of positive and negative u. Using your sketch, argue the consistency of
the classifications obtained in part (ii) for the stationary points. (4 marks)

(Total: 20 marks)
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1. (a) Write Iy = [ f()dz + ij\j f(x)dz. Then I exists if limeo [*° f(x)dz and
lim /oo [ f(x)d, both exist.

(b) (i)

(ii)

lim, 0 f(z) = —o00 and lim,_, f(z) = 0 (22 beats log z).
The only zeros of f(z) satisfy logx = 0, hence x = 1.

Differentiate to find f/(z) = a;(l-lwﬁ) — (21”112%;2 Critical points are at 7 = £
where F(€) := 1+ &2 —2¢21og¢ =0, for € > 0. Need to show that F(¢) has
one root only, i.e. a unique critical point. We will also need F’(§) = —4&log¢.
First, F(0) =1 and F(1) =2, and infact 1 < F(§) <2 for 0 < ¢ < 2, the
function F'(£) is monotonic increasing in 0 < £ < 1, since F'(£) > 0 in this
interval.

Now consider the interval 1 < £ < oo, clearly F'(£) < 0 and hence F(§) is

monotonic decreasing here. Since F'(1) = 2 and F(co) = —o0, there must be

a unique root, and so a unique critical point.
We know from part 1(a)i that f(0) = —oo, f(c0) = 0 and x = 1 is the only
zero of f. By continuity the critical point has to be a maximum.

A sketch with the necessary labels is given in figure 1.

Write J = [/ 182 gy 4 [ 182 g and let J, = [1 1%L 4z and Jy =

M loga 0 1+4z2 1 14z2 € 14z2
i T2 .
Estimate, 0 < —J, = fel %dw < fel(—loga:)dw = [~zlogx]! + (1 —¢),
and hence lim,._,g J is bounded as € — 0.
At the other extreme, Jy; < flM k;gf dx since x > 1, and this can be integrated
exactly by parts to give Jys < {—k’%]M + flM Ldr = ~toaM g L and
hence limp;_ .o Jps exists. '
Since J exists, we can make the substitution = 1/t as suggested, i.e.
dr = (—1/t?)dt etc.. Calculating2we find
J= [ i‘f;gda: = ffo 71%11(%21/'5 Vit = — 0 i‘fédm = —J. Hence J = —J

and since the integral exists we have J = 0.
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()

S # by the integral test f1 % < 00, converges.

1, A
Yo, bg(ii(;gn). Integral test and integrate by parts and consider M — oo at the
end:
M 1— M M
log 1 q 1 1
/ D808y — | X loglogz| ——— 19 dx
9 x4 1—gq 9 1—q /s zlogx
1—q M 1 M 1
e loglogz| — / dx
1—gq 9 1—q /o x9logz
Clearly ¢ > 1 gives a convergent integral; = to any power beats log, or formal use
of L'Hopital, second term f2 g logxd:c < const. + fM Ldr < .
Remains to discuss ¢ = 1. Now f2 loglog’”dx = [log z loglog z]3" —log M, which
is unbounded.
Hence, convergence only if ¢ > 1. 3,B
Yoo & n, . Ratio test,
1+1-1
A i G s et W AR/ Ve
(n+1)! e n+l n+1 n+1
—vn
< —0 as n — 00.
n+1
Series converges. 2, C
log(1+t)=t—1t2/2+t3/3 —t*/4 4 ---, and the series converges for |t| < 1. 5 A

Put =1+ ¢ to find fll'l B 7 = foo'l %dt, and by the result above along

with the binomial theorem we have

log(1+t) _(
1+t

=t— %tQ +(1+1/241/3) 87 = (1+1/2+1/3+1/4)t* +O(°) =

O-11og(1 + 1) 1 1 11
— it =012 - Z0.1> + = 0.1* -
/0 50 5017+ 570

t— 224833 —tt/a ) L—t+2 -3+

14+t
The term 230.1* < 0.5 x 107, hence the value $0.1% — $0.13 = 55 — 5 is a
rational approximation with four decimals accuracy.
(i)  Use the chain rule, dF,,/dx = cos(F,,—1)dF,_1/dz, and proceed iteratively
dF, dF,_
d—; = cos(F,—1) cos(Fp,—2) dZ: 2=... = cos(Fy—1) cos(Fy_2) - - - cos(sin(z)) cos(z)

= cos(Fy—1) cos(Fy_2) - - - cos(F1) cos(x),

as required. 2, D

Y



The zeros are the same as the zeros of sin(z), namely +nm, n =0,1,2,---.
For the local maxima/minima, since |F,,| < 1 we cannot have cos(F,,) = 0;
the only zeros are when cos(z) =0, i.e. x = +(2n+1)7/2, n =0,1,2,---.

2,C

(i) Let g(z) = x —sinz, then ¢’(z) =1 —cosz > 0 for 0 < 2 < 7/2, hence

g. is mcr.easmg fr.om 0/ and sinz < x. Ne;f,l let h(x) : sinx — F,(x) and
differentiate to find h/(x) = cosz (1 — 1[I, cos Fm); in0 <z <m/2we
deduce that ¢’(x) > 0, hence the function is monotonic increasing from 0 and
F, <sinz.

sides we have F, 1 = sin F,. Suppose that lim,_,,, = F*. Then we must

(iii)  Fy = m/2, F} = sin(mw/2) = sin Fy and by repeatedly taking the sine of both
4

have F'* = sin F'*, and the only solution of this equation is F* = 0.

Binomial theorem:

(1—a?) V2 =14 %xQ + (;1) (j) (_;2)2 + (_21> <_23> (_25> (—;:!2

1 3 5
]2 24 6, ...
+2x +8x +16x+

The series converges for 22 < 1,ie. —1 <z < 1. 3, A

sim. seen |}
(i) Lety =sin~!x, hencesiny = x; implicit differentiation gives cos y dy/dx = 1,

hence dy/dz =1/ cosy = 1//1 —sin®y = 1/v/1 — 22.

Use the result in part (i) above and integrate between 0 and z to find

sin_lx—x+x—3+ix5+im7+ —1l<z<l
N 6 40 112 ’ '

sim. seen |
(iii) If 2 = 0.1, the last term can be dropped since it is smaller than 10~7. The term

. . . . -3 —6
4%0.15 must be kept. Hence the rational approximation is 0.1—1—%4— %.

2) w j;
Q o8,

seen |

o0

felx) = %ao + Zan cos(nz), an = 2 /7r fe(z) cos(nz) dz, 2,
n=1 T Jo

>

fs(x) = i by, sin(nx), by, = 2 /7r fs(x) sin(nz) dz
n=1 T Jo



seen |}

(i) A sketch is given in figure 2.
2, A

The function is even, hence the Fourier series is as for f. above with

2 [T/2 g 2 [/m sinnz]™? 2 [™2sinna
anp = — (— — :n) cos(nx)dx = — (— - :L‘) + — dz
T Jo 2 m[\2 no g T Jo n

2[ cosn:cr/Q_ 2 ( mr)
n2 lo  mn? 2

™

3, A
(iii)  Observe that h(z) is constructed from g(z) by a shift of +7/2 and a reflection

about the x—axis. Hence

o0

h(z) = —g(z —7/2) = —% — Y apcos(n(z —m/2))

n=1

o0

_ %o _ ap [(cosnx cos(nm/2) + sin nz sin(nm/2))]

2

n=1
[ee]
S [an cos(nm/2) cosnx + aysin(nw/2) sinnz],

2

n=1

with ag, a,, as calculated in part b(ii) above.
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y=log x/(1+x?)

Figure 1:
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1.8
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1.4+
1.2

0.8r
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0.2

Figure 2: Figure for problem 3(b)ii

Review of mark distribution:
Total A marks: 24 of 32 marks
Total B marks: 15 of 20 marks
Total C marks: 9 of 12 marks

Total D marks: 12 of 16 marks
Total marks: 60 of 80 marks

Total Mastery marks: 0 of 20 marks
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4.(a(1))

(a(ii))

(a(iii))

Consider h(z) = eIl We have (from the examples in the lectures, or can be
obtained using the definition of the Fourier transform):

A & . 1 1 2
h(w) = / e lElemwr g — — + — = .
oo 1—iw  1+iw 14 w?

So, we observe f(x) = 1/2h(z) and using symmetry formula we have
Flha)) = nh(~w) = me .
We have from lectures (or can be obtained from definitions):
F{cos(wox)} = md(w — wp) + T (w + wp).

We observe that g(z) = cos(wz) * h(x). Form last part’s result and using the
convolution theorem we have

2T

F{cos(wzx) x h(x)} = Atw?)

[0(w —wo) + d(w + wo)] -
From problem sheet 1 or using properties of Dirac delta function, we note that the
prefector in the above can be evaluated at wy so we have:

2

Flg(z)} = m

[0(w —wo) + d(w + wo)] -

(Marks are not deducted if the last step is not done, this is needed though for the
next part.)

Given the Fourier transform of function g(z) obtained above and linear property of
Fourier transforms and the fact wy is a constant and noting the Fourier transform
of cos(wpz), (or using inverse Fourier formula) we obtain:

2
x) = ———5cos(wox).
We have (from the lectures, or can be obtained):
dy _ dy
r— = —>
de dz’

APy APy dy
24

dz?  dz?  dz’
So, we obtain the following ODE in terms of y(2):

d*y dy 2
@—4E+4y:4z+26 z.

The characteristic equation of the corresponding homogeneous ODE is:
AN —4N+4=0,

which has a repeated root of A = 2. So, we have from the lectures the following
two functions as the basis for the solution vector space:

y1 =¥, yy = ze*.

unseen )

» @
> ™

2,D

unseen |}

2,D

meth seen ||

3, A



So the complementary function, the general solution of the homogeneous problem
is:

2z

yor = c1€?* + cpze” = 12’ + e’ Inzx

We calculate the Wronskian and check if it is non-zero to prove linear independence:

W = e** + 2z¢% — 2z¢% = ¥ £ 0.

(b(ii)) We will stay with the ODE in terms of independent variable z, we try the ansatz
yp1(z) = az+b+cz?e?*
By plugging the ansatz in the equation and some algebra, we obtaina=1,b=1

, where a, b and ¢ are unknown constants to be determined.

and c=1.
a and b part
c part

yas = yor+ypr = cre?*+epze +24+142%e* = iz’ +cox? In z+Inx+1+4+(In x)zm
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5.(a())

(a(ii)

(a(ii))

We have for matrix A:

A (_53 _:%1).

We calculate eigenvalues and eigenvectors of the matrix A:

A=2 = v‘iz(l),
-1

This eigenvalue is repeated and only associated to one eigenvector, so the matrix
is not diagonalisable and we need to use Jordan normal form. We look for

W LAW = J = (2 1).
0 2

First column of W is v and we look for a vector w5 as the second column of W
to satisfy the equation above. We obtain:

1
Sway + 3w2y =1 = Uwy= < (/)3> .

Therefore, from the lecture or can be derived using the Jordan normal form, we
have for the general solution:

(;8) = (c1e* + cote®) (_11> + cpe® <1ég) :

is an unstable fixed point and the solutions asymptotically approach infinity

along v1. The vector field on the y axis can can be calculated by:

()=()

Figure 1 shows the phase portrait for this system. The solutions should be parallel
to the vector field calculated on the y axis and also asymptotically become parallel
to v7 .

We need to solve the following dimensionally homogeneous ODE:

dy _ —3r—y
dr 5z + 3y’
We let u = y/x and we obtain:
du —3—u (u+1)2
r— = —u=—-3—-—
dr 5+ 3u 5+ 3u

This is a separable ODE, so we can integrate and we obtain:

2
3ln (y—i—l) _ =-3lnz+ec
T rT+y

4, A

)



(b(i))  The fixed points of the system are obtained by putting the right hand side to zero.
We have

f)==—y9r+y*)=0 = yi=r y==5V—r

So, we have upto three fixed points. We consider two cases of » < 0 and r > 0.
In Figure 2 we have determined the stability of these fixed points for the different
values of r by plotting f(y) against y. (note that one could also plot r = —1 as a

separate case as in this case there are only two fixed points).
(b(ii)) The bifurcation diagram for this system is sketched in Figure 3.  There is a
supercritical pitchfork bifurcation at 7 = 0 and a transcritical bifurcation at r = —1.
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The Jacobian J of the transformation is:

d:c_%% du
dy—%% dv ]’

So, given the form of the transformation we obtain:

J— <2u 21}) ‘
20 2u

6.(a(7))

(a(ii))  The Jacobian for inverse transformation is:
du _ % % dx ‘
dv % % dy
But, this transformation is also equal J~1, so we obtain:
g1 1 2u v\ 1 2u  2v
Cdet(J) \ =20 2u)  det(4(u?+0v2) \ 20 2u)’
We can see from this result that <8u> =— <8v> as required.
0y ), Ox y
(b(i))
u(@,y) = (@° +y° =5)(y—1) =2’y +y° 5y —a® —y* +5
Zero contour (u = 0):
Ty Yyl =5 ye=1
(b(ii)) We need to evaluate the gradient of w and set it to zero. We have:
8—u:29cy—2:l7:0 = x=0 or y=1,
ox
0
—u:x2+3y2—5—2y20
Iy

Given the above, and by putting the solutions of the first equation into the second
equation, we have the following stationary points:

5 py=(-2,1)

P = (07_1)7 3

Py = (0, Py =(2,1).

For the character of the stationary points we calculate the Hessian. We have:

2y — 2 2x

H(z,y) = :
2z 6y — 2

Now, we can evalute Hessain at each stationay point and based on the value of

trace and determinant of the matrix, we can decide if the stationary point is a

maximum, minimum or saddle point.

—4 0
HPl:[O —8] = 17=-12<0, A=32>0 = P;isamaximum

’ seen/sim.seen J} ‘

’ seen/sim.seen | ‘

’ seen/sim.seen | ‘

2. A

3, A



(b(iii))

4 2 2
Hp2:[8 O] = T:§7>0, A:%>0 = Py is a minimum.

0 —4 : .
Hp3:[_4 4] = 717=4, A=-16<0 = Psisasaddle-point .

0 4 . :
Hp, = [4 4] = 717=4, A=-16<0 = P,is asaddle-point .
Given the form of 7 above, for 1 < x < 4 line y = 0 is a maximum. For z < 1
and x >4 7> 0soy=0is a minimum. Note for x = 1 and x = 4 the Hessian
is zero, so we need higher order derivatives to classify such points, which is out of
the scope of this course.

Figure 4 shows the sketch of the level sets of u, the stationary points and the sign
of the function w.

For the P3 and P, points, which based on the Hessian, we obtained to be a
minimumt, we see that the value of the function « in the vicinity of the point
becomes negative (decreases from 0) in certain directions and it becomes positive
(increases from 0) in other directions, so this is consistent with these points being
a saddle-point. We also have u(P;) < 0, so this is also consistent with P; being
a minimum. Finally, we note that u(P2) > 0, so this is consistent with this point
being a maximum.
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Review of mark distribution:
Total A marks: 24 of 32 marks
Total B marks: 15 of 20 marks
Total C marks: 9 of 12 marks

Total D marks: 12 of 16 marks
Total marks: 60 of 80 marks

Total Mastery marks: 0 of 20 marks
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Figure 1: Figures 1-3 related to problem 5




Figure 2: Figures 4 related to problem 6b



MATH40004 Calculus and Applications Markers comments

Question 1

Question 2

Question 3

Question 4

Question 5

Question was answered well. A lot of people missed how to apply

monotonicity arguments to show that the global maximum is unique.
The use of limits in calculating improper integrals was very important
in this question and not everyone was comfortable with the methods.

The question was answered fairly well. The main obstacle seemed to
be the use of Taylor expansions about a point different from zero.
Also, the binomial theorem was not used where needed by many
people.

a) i) Many students opted to derive the Maclaurin series in terms of
derivatives of f, which led to success rarely. Those who used the
binomial theorem were more successful. A fair number of students
also forgot to put the domain of convergence.

a) ii) Answered well, with almost all students correctly integrating
their power series from i). However, it was again common to omit the
domain of convergence.

a) iii) Most students knew to substitute 0.1 into their series fromiii),
but many did not correctly justify their answer, it being commonly
written that an error of &lt;10"-6 was sufficient.

b) i) Answered well for the most part. Most common errors were
forgetting factors in front the integrals and incorrect limits on the
integrals.

b) ii) Almost all students drew the correct graph, and many students
correctly integrated for a_n. However, a significant number made a
mistake at the final moment claiming that cos(n\pi/2) is always zero.
b) iii) A large number of students did not expand cos(n(x-\pi/2)), and
so did not give a true Fourier series as their final answer. Despite the
suggestion given in the question, almost no students left their
answer in terms of a_0 and a_n, which sometimes led to more errors
than necessary.

The performance on the question 4 was bimodal, most people
overall did well in this question particularly in part b (some people
did not use Wronskian for proving independence which is the method
discussed in the course). For part a several people had difficulty with
Fourier transform of cosine function even though it was an example
in the lectures. A second smaller group of students did really poorly
in this question.

The cohort answered the questions well. Many students were able to
apply advanced concepts such as Jordan normal forms and
bifurcation diagrams successfully but encountered problems when
locating and naming the two bifurcations.



Question 6

On the whole this question was done well. Many students did not
realise the connection between parts (a)(i) and (a)(ii), which led to
convoluted answers or to mistakes. Other common errors included
the definition of the Jacobian, calculating the Hessian, and the
classifications thereafter. A surprising number of students confused
x=\pm 2, y=1 for the coordinates (1,\pm 2) in (b)(ii), which led to
confusion in (b)(iii).





