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1. (a) State without proof Taylor’s theorem for the function f(x) about the point x = a. Give the
remainder in its local form. (2 marks)

(b) Use Taylor’s theorem to expand log(x) about the point x = 1 (you do not need to give the
remainder). Find for what values of x the series is convergent? (3 marks)

(c) Consider the function g(x) = log(x)
x2−1 , x > 0.

(i) Calculate the following limits: (3 marks)

lim
x→0+

g(x), lim
x→1

g(x), lim
x→∞

g(x)

(ii) Use your results in part (b) to write (x+ 1)g(x) as a convergent power series near x = 1
and state its radius of convergence. (2 marks)
Hence express log(3)− log(2) as a rational number that is correct to two decimals.

(3 marks)
(iii) Show that dn

dxn [(x+ 1)g(x)] = (x + 1)g(n)(x) + ng(n−1)(x), where g(m) = dmg
dxm for any

positive integer m. Hence, or otherwise, determine how many derivatives of g(x) exist
at x = 1. (3 marks)

(iv) Let I =
∫∞

0 g(x)dx be the improper integral of g(x).
Determine whether I exists. (4 marks)

(Total: 20 marks)
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2. (a) (i) Given x > x0 > 0 and A > 0 calculate the integral
(2 marks)∫ x

x0

dξ

(1 + A
√
ξ)
√
ξ
.

[Hint: Use the substitution y =
√
ξ.]

(ii) A cylinder of radius R is filled with water to a height h0. Water is lost from the cylinder
in two ways: through a circular hole of radius r at the centre of its base, and, through
the wetted curved side wall which is porous. The rate at which liquid is lost from the
hole is equal to the hole’s area times

√
gh where g is the acceleration of gravity and h(t)

is the instantaneous height at time t. The rate at which liquid is lost through the porous
wall is equal to a positive constant k times the wetted curved area. Show that if V (t) is
the volume of liquid in the cylinder after time t, then

dV

dt
= −πr2

√
gh− 2πkRh.

What are the dimensions of the constant k? (3 marks)
(iii) Given that h(0) = h0 find h at any subsequent time t > 0 and show that the time te it

takes for the tank to empty is given by

te = R log(1 + α
√
h0)

k
, where α = 2kR

r2√g
.

(4 marks)
(iv) By considering limk→0 h(t) in your result above, find the corresponding solution when

there are no losses due to a porous curved wall, and determine the time ts to empty 
the tank. Explain physically why we should have te < ts. (3 marks)

(b) The function

f(x) =


1 0 ≤ x ≤ π

0 −π < x < 0
,

is extended periodically on the real line to produce a 2π−periodic function g(x).
(i) Find the Fourier series of g(x). (4 marks)
(ii) What value does your Fourier series to converge to at any points of discontinuity? Confirm

this for x = 0, π,−121π. (2 marks)
(iii) Use your results in part (b)(i) to find an alternating infinite series containing rational

terms and which converges to π. (2 marks)

(Total: 20 marks)
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3. (a) (i) Consider the following system of coupled linear differential equations:

dx

dt
= x+ y

dy

dt
= −4x+ y

Find the general solution of the system in terms of the eigenvectors and eigenvalues. If
needed then write the general solution in terms of real functions. (5 marks)

(ii) Describe the asymptotic behaviour of the system for large t, obtain the vector field on
the x-axis and sketch the phase portrait for this system in the phase plane. (4 marks)

(iii) Now consider the corresponding system of non-homogenous linear ODEs:

dx

dt
= x+ y + et

dy

dt
= −4x+ y + 5

Find a particular integral using appropriate ansatz and write the general solution of this
system of ODEs. (4 marks)

(b) Consider the following nonlinear ODE:

dy

dx
= −3y log y + 3y2

x+ xy

(i) Show that this ODE is not exact. (2 marks)
(i) Find an integrating factor of the form λ = xmyn with m and n in R being parameters

to turn the equation into exact form and use it to obtain a solution in implicit form for
the ODE. (5 marks)

(Total: 20 marks)
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4. (a) Consider the following first order nonlinear ordinary differential equation:

dy

dt
= ry − y

1 + y

where r ∈ R is a parameter.

(i) Find the fixed point(s), and singular point(s) of the system and determine their stability
by sketching ry and y

1+y
against y for representative values of r, or otherwise.

(5 marks)
(ii) Sketch the bifurcation diagram that shows the values of fixed and singular point(s) against

r, and find any value of r, where there is a bifurcation and classify such bifurcations.
If r = 1

4 , for what values of initial condition y(t = 0) does the solution asymptotically
approach a stable fixed point? (4 marks)

(b) Consider the following second order linear ODE, known as the Airy equation:

d2y

dx2 − xy = 0

Assuming limx→±∞ y = 0, by taking Fourier transform of both sides of this ODE, obtain a
solution for y(x) in terms of an integral of a real function. (5 marks)

(c) Write the general form of the Taylor explansion for a multi-variate function f(x, y) around
the point (x0, y0) up to order two, in terms of the gradient and Hessian of the function f .
Consider z(x, y) given in implicit form:

sin(xz) = z + yx

Obtain the Taylor explansion of z(x, y) up to the first order around x = 0 and y = 1.
(6 marks)

(Total: 20 marks)
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seen ⇓1. (a) f(x) = f(a) + (x− a)f ′(a) + 1
2!(x− a)

2f (2)(a) + · · ·+ 1
n!(x− a)

nf (n)(a) + Rn,

where Rn = 1
(n+1)!(x− a)

n+1f (n+1)(ξ) with ξ between x and a.
2, A

sim. seen ⇓(b)

log(x) = log(1 + x− 1) = log(1) + (x− 1)

[
1

x

]
1

+
1

2!
(x− 1)2

[
− 1

x2

]
1

+
1

3!
(x− 1)3

[
2!

x3

]
1

− · · ·

= (x− 1)− (x− 1)2

2
+

(x− 1)3

3
− (x− 1)4

4
+ · · ·

2, A

Convergence for −1 < x− 1 ≤ 1, that is 0 < x ≤ 2.
1, B

sim. seen ⇓
(c) (i)

lim
x→0+

log x

x2 − 1
= − lim

x→0+
log x = +∞

1, A

lim
x→1

log x

x2 − 1
= lim

x→1

1/x

2x
=

1

2

1, A

lim
x→∞

log x

x2 − 1
= lim

x→∞

1/x

2x
= 0

1, A

sim. seen ⇓

unseen ⇓

(ii) (x+1)g(x) = log(x)
x−1 = 1− (x−1)

2 + (x−1)2
3 − (x−1)3

4 +· · · . Radius of convergence

is 0 < x < 2 as before.

2, B
Notice that log(3)− log(2) = log(1.5) and so we have from above

2, B

1, D

log(3/2)

1/2
= 1− (1/2)

2
+

(1/2)2

3
− (1/2)3

4
+

(1/2)4

5
+ · · ·

hence

log(3/2) =
1

2
− (1/2)2

2
+

(1/2)3

3
− (1/2)4

4
+

(1/2)5

5
+ · · ·

Series is alternating, so for 2 decimals accuracy we need the largest ignored term

to be < 0.005 = 1/200, i.e. (1/2)n

n < 1/200. Since (1/2)5

5 = 1
32×5 > 1/200

but (1/2)6

6 = 1
64×6 < 1/200, the appropriate rational approximation is

log(3)− log(2) ≈ 1

2
− (1/2)2

2
+

(1/2)3

3
− (1/2)4

4
+

(1/2)5

5 unseen ⇓

1, C

2, D
(iii) Can do by induction or directly. For the former, clearly true for n = 1 and

n = 2. Assume true for n, i.e. dn

dxn [(x+1)g] = ng(n−1) + (x+1)g(n). Taking

one more derivative gives

dn+1

dxn+1
[(x+1)g] = ng(n)+g(n)+(x+1)g(n+1) = (n+1)g(n)+(x+1)g(n+1).



Since (x + 1)g has derivatives of all orders existing at x = 1 (we have given

the power series above), then can establish recursively that if (x + 1)g has a

derivative of order n at x = 1, then so does g(x) from the formula above.
sim. seen ⇓

1, A

2, C

1, D

(iv) I = limε→0 limM→∞
∫M
ε

log x
x2−1dx. For the lower limit the function behaves like

log(x) and since limε→0

∫ x0
ε log(x)dx is bounded, so no issues at x = 0.

For the M limit we note that for large x it is enough to consider
∫M
x0

log x
x2

dx

(in fact there exists x0 s.t.
∫M
x0

log x
x2−1dx < 2

∫M
x0

log x
x2

dx, so enough to study

the latter integrand - students may not state such details; credit given if they

identify the right integrand for x � 1 without detailed analysis). Hence we

integrate by parts

lim
M→∞

∫ M

x0

log x

x2
dx = lim

M→∞

{[
− log x

x

]M
x0

+

∫ M

x0

1

x2
dx

}
<∞.

Hence there are also no issues as x→∞.

Hence the improper integral I exists.
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sim. seen ⇓

2, A

2. (a) (i) Let
√
ξ = y, therefore (1/2)dξ/

√
ξ = dy and the integral becomes∫ √x

√
x0

2dy

1 +Ay
=

2

A
log

(
1 +A

√
x

1 +A
√
x0

)
sim. seen ⇓

1, A

1, B

1, C

(ii) Rate of change of volume equals the rate at which it leaves through the hole,

plus the rate at which it leaves through the wetted curved wall. The hole

looses water at a rate equal to πr2
√
gh and the wall at a rate k2πRh. Hence

since the volume decreases dV/dt < 0 and the given equation follows.

The dimensions of dV/dt are L3/T and of the loss term kL2, hence k has

dimensions of velocity, i.e. L/T .
sim. seen ⇓

1, A

1, B

2, D

(iii) At a given t we have V = πR2h(t), hence the equation becomes, after dividing

by πR2

dh

dt
= −

r2
√
g

R2

[√
h+

2kR

r2
√
g
h

]
, h(0) = h0.

Separate variables and integrate∫ h

h0

dh√
h+ 2kR

r2
√
g
h
= −

r2
√
g

R2
t,

and the integral on the left is of the form in part (a)(i) above with A := α =
2kR
r2
√
g

. Hence

2

α
log

(
1 + α

√
h

1 + α
√
h0

)
= −

r2
√
g

R2
t.

Re-arranging gives 1+α
√
h

1+α
√
h0

= exp(−kt/R), i.e.

√
h =

(1 + α
√
h0)e

−kt/R − 1

α
, α =

2kR

r2
√
g
.

The tank empties at t = te given by h(te) = 0, i.e. te = R
k log(1 + α

√
h0)

from the solution above.
unseen ⇓

2, C

1, D

(iv) As k → 0 we also have α→ 0 and the solution for
√
h is of the form 0/0. Use

L’Hôpital’s rule noting that α = 2kR
r2
√
g

to find the limiting form

√
h = lim

k→0

(
1 + 2kR

√
h0

r2g

)
(−t/R)e−kt/R + e−kt/R 2R

√
h0

r2
√
g

2R
r2
√
g

=
√
h0

(
1−

r2
√
g

2R2
√
h0
t

)
Hence ts = 2R2

√
h0

r2
√
g

. Since more water is lost when k 6= 0, we would expect

te < ts.

seen ⇓

2, A

2, B

(b) (i) The function is neither even nor odd, hence

g(x) =
1

2
a0 +

∞∑
n=1

[an cos(nx) + bn sin(nx)]

where

an =
1

π

∫ π

0
cos(nx)dx, bn =

1

π

∫ π

0
sin(nx)dx,

i.e.

a0 = 1, an = 0, bn =
1

nπ
(1− cosnπ),

g(x) =
1

2
+

2

π

(
sinx+

1

3
sin 3x+

1

5
sin 5x+ · · ·

)



sim. seen ⇓

1, B

1, D

(ii) At points of discontinuity the Fourier series converges to the average, i.e.

g(x) = 1
2(g(x

+) + g(x−)). Hence we expect g(0) = 1/2, g(π) = 1/2,

g(−121π) = 1/2. Check these from the Fourier series for g(x) by inserting

x = 0, π,−121π, clearly all arguments of sin in the series are integer multiples

of π and so g(0) = g(π) = g(−121π) = 1/2.

sim. seen ⇓

2, A
(iii) Pick x = π/2. We have g(π/2) = 1, hence

1 =
1

2
+

2

π

(
1− 1

3
+

1

5
− 1

7
+ · · ·

)
⇒ 1− 1

3
+

1

5
− 1

7
+ · · · = π

4
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meth seen ⇓3.(a(i)) We have for matrix A associated to the system of linear ODEs:

A =

(
1 1

−4 1

)
.

We calculate eigenvalues and eigenvectors of the matrix A:

λ1,2 = 1± 2i ⇒ ~v1,2 =

(
1

±2i

)
,

These eigenvalues are complex. From the lecture we can write the general solution

in terms of the eigenvalues and eigenvectors, so we have for the general solution:(
x(t)

y(t)

)
= c1e

(1+2i)t

(
1

2i

)
+ c2e

(1−2i)t

(
1

−2i

)
.

Where, c1 and c2 are (complex) constants of integration. To obtain the solution 3, B

in real form we write the solutions in terms of sin and cos functions.

x = et [(c1 + c2) cos 2t+ (c1 − c2)i sin 2t]

y = et [2(c1 − c2)i cos 2t− 2(c1 + c2) sin 2t]

We define new real constants of integration A = c1 + c2 and B = (c1 − c2)i and

we obtain:

xGS = et [A cos 2t+B sin 2t]

yGS = et [2B cos 2t− 2A sin 2t]

2, B

meth seen ⇓(a(ii))

(
0

0

)
is an unstable fixed point as the real part of the eigenvalues are positive. The

vector field on the x axis can can be calculated by:

A

(
x

0

)
=

(
x

−4x

)
.

Figure 1 shows the phase portrait for this system, which is of the form of an unstable

spiral and the direction of the rotation is determined using the vector field evaluated

above. . 4, A

meth seen ⇓(a(iii)) We try the following ansatz

(
a+ bet

c+ det

)
using the method of undetermined

coefficinets. Plugging this into the ODE we have:

d

dt

(
a+ bet

c+ det

)
=

(
1 1

−4 1

)(
a+ bet

c+ det

)
+

(
et

5

)
.

We obtain a = 1, b = 0, c = −1 and d = −1. So the we obtain the following

general solutions:

xGS = et [A cos 2t+B sin 2t] + 1

yGS = et [2B cos 2t− 2A sin 2t]− 1− et

. 4, D



seen ⇓
(b(i)) We will write ODE in the following form

F (x, y)dx+G(x, y)dy = 0.

We have F = 3y log y + 3y2 and G = x + xy. Then we test if the ODE is exact

using the condition of integrability:

∂F

∂y
= 3 log y + 3 + 6y 6= ∂G

∂x
= 1 + y.

So the ODE is not exact 2, A

unseen ⇓
(b(ii)) As suggested we consider an integrating factor of the form λ = xmyn. We then

try to satisfy the condition of iintegrability.

∂(λF )

∂y
= 3(n+ 1)xmyn log y + 3xmyn + 3(2 + n)y1+nxm.

∂(λG)

∂x
= (m+ 1)xmyn + (m+ 1)xmy1+n.

By equating these two expressions, we find firstly that n = −1 as needed to set the

coefficient of the term with log y to zero and then we find m = 2 will result in other

terms to be equal in the two expressions. Therefore λ = x2/y is an integrating

factor. Using this result, assuming implicit solutions u(x, y) = 0, we obtain: 3, C

∂u

∂x
= λF → u = x3(log y + y) + h(y)

. Then we have
∂u

∂y
= λG ⇒ u = x3(log y + y) + c.

So, the solution of this ODE in implicit form is:

u(x, y) = x3(log y + y) + c = 0.

. 2, A
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meth seen ⇓4. (a) The fixed points of the system are obtained by putting the right hand side to zero.

We have

f(y) = ry − y

1 + y
= 0 ⇒ y∗1 = 0, y∗2 =

1

r
− 1

So, we have two fixed points. We also note that we have singularity at ysing = −1 2, A

as the right hand side is not defined for this value of y.

We consider three cases of r < 0, r > 1 and 0 < r < 1. In Figure 2, we have

determined the stability of these fixed points and singular point for the different

values of r by plotting the two parts of f(y), ry and y
1+y against y. (note that

one could also plot the limiting cases of r = 0 and r = 1 as a separate case as in

this case there are only one fixed point at 0). The figure shows that ysing = −1 is

always unstable but the stability of fixed points depends on the value of r as seen

in Figure 2. 3, C

meth seen ⇓
(a(ii)) The bifurcation diagram for this system is sketched in Figure 3. There is a

2, D

transcritical bifurcation at r = 1. For r = 1
4 , the y = 0 is a stable fixed point and

1, D

as seen in Figure 3 solutions approach this fixed point if initial condition is between

−1 and 3.

1, D

seen ⇓

(b) Taking Fourier transform from both sides of the ODE and using the linearity and

properties of Fourier transfroms of the dertivative from the lecture we will obtain

the following ODE for the Fourier tranform of y(x) denoted as ŷ(ω):

−ω2ŷ(ω)− idŷ(ω)

dω
= 0.

This is a first order separable ODE and by solving it we obtain:

ŷ(ω) = ce
iω3

3 ,

where c is an arbitrary constant of integration. Using the inverse transform we

obtain:

y(x) =
c

2π

∫ ∞
−∞

ei(ωx+ω3/3) dω =
c

π

∫ ∞
0

cos(ωx+ ω3/3) dω.

5, B

(c) From the lectures the Taylor expansion of f(x, y) around the point ~x0 = (x0, y0)

in terms of Gradient, ~∇f( ~x0) and Hessian, Hij( ~x0) we have:

f(x0+∆x, y0+∆y) = f(x0, y0)+ ~∇f( ~x0)

(
∆x

∆y

)
+

1

2

(
∆x ∆y

)
H

(
∆x

∆y

)
+ . . .

We consider z(x, y) given in implicit form: 2, A

F (x, y, z) = sin(xz)− z − yx = 0.

We note firstly that at x = 0 and y = 1, we have z = 0. Then as z is available in

implicit form we need to use implicit differentiation to evaluate ~∇z(0, 1). We have

∂z

∂x
= −

∂F
∂x
∂F
∂z

=
−z cos(xz) + y

x cos(xz)− 1
.

∂z

∂y
= −

∂F
∂y

∂F
∂z

=
x

x cos(xz)− 1
.



Evaluating these at (0, 1), we obtain up to the first order:

z(∆x, 1 + ∆y) = z(0, 1) +
∂z

∂x
(0, 1)∆x+

∂z

∂y
(0, 1)∆y + · · · = −∆x+ . . . .

4, A
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Figure 1: Phase portrait related to Problem 3a
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Figure 2: Figures for stability of fixed points related to Problem 4a(i)



Figure 3: Figure for bifurcation diagram related to Problem 4a(ii)




