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Throughout the exam, we assume that (Ω,F ,P) denotes a probability space.

Please remember to justify all your answers and state carefully which results from the
lectures you apply in your proofs.

1. (a) Define a σ-algebra. (3 marks)

(b) Define a probability measure on (Ω,F). (3 marks)

(c) A diagnostic test has a probability 0.9 of giving a positive result when applied to a person
suffering from a certain disease, and a probability 0.2 of giving a (false) positive when applied
to a non-sufferer. It is estimated that 10 % of the population are sufferers. Suppose that the
test is now administered to a person about whom we have no relevant information relating
to the disease (apart from the fact that he/she comes from this population). Calculate the
following probabilities:

(i) that the test result will be positive; (3 marks)
(ii) that, given a positive result, the person is a sufferer; (3 marks)

(d) How many possibilities are there to write the number 7 as an ordered sum of 3 positive
integers? [E.g. 7=1+3+3 would be one possible case and 7=3+1+3 would be another case.]

(4 marks)

(e) Let k, n ∈ N = {1, 2, . . .}. How many possibilities are there to write the number k as an
ordered sum of n positive integers? (4 marks)

(Total: 20 marks)
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2. (a) Let (Ω,F ,P) be a probability space with Ω = {1, 2, . . . , 10} and F = P(Ω) (the power
σ-algebra of Ω). Let X : Ω → R with X(ω) = ω + 5. Prove that X is a discrete random
variable. (3 marks)

(b) Let (Ω,F ,P) be a probability space with Ω = {1, 2, . . . , 100} and F = P(Ω) (the power σ-
algebra of Ω). Consider a discrete random variableX on this probability space with probability
mass function given by P(X = 3) = 1

2 ,P(X = 5) = 1
5 ,P(X = 100) = 3

10 ,P(X = x) = 0 for
x 6∈ {3, 5, 100}. Find the cumulative distribution function FX of X. (4 marks)

(c) Let X and Y denote independent geometric random variables with parameters p1 and p2,
respectively, where p1, p2 ∈ (0, 1). (Please refer to the hint below for the probability mass
function of a geometric random variable.)

(i) Derive the cumulative distribution functions of X and Y . (3 marks)
(ii) Show that Z = min{X, Y } follows a geometric distribution and find the corresponding

parameter. (4 marks)

(d) Imagine you toss a fair coin repeatedly. You denote by H the outcome Heads and by T the
outcome Tails. How many times, on average, do you need to toss the coin to see the pattern
HT (i.e. Heads followed by Tails) for the first time? (6 marks)

(Total: 20 marks)

Hint: If X is geometrically distributed with parameter p ∈ (0, 1), then its probability mass function
pX is given by

pX(x) =


(1− p)x−1p, for x = 1, 2, . . . ,

0, otherwise.
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3. (a) Which properties does a function f : R→ R need to satisfy in order to be a valid probability
density function? (2 marks)

(b) For each of the functions f(x) given below determine whether f(x) is a valid probability
density function (p.d.f.). If f(x) is not a valid p.d.f., determine if there exists a constant
c such that cf(x) is a valid p.d.f.. Note that in each case, f(x) = 0 for all x not in the
interval(s) specified.

(i) f(x) = 3x for 0 < x < 1, (2 marks)
(ii) f(x) = −1 for 0 < x < 1, (2 marks)
(iii) f(x) = 1 for 0 < x < 1 and f(x) = −1 for 1 < x < 2. (2 marks)

(c) Consider three jointly continuous random variables X, Y, Z with joint probability density
function given by

fX,Y,Z(x, y, z) =


c, for 0 < x < y < z < 1,

0, otherwise,

for a constant c ∈ R.

(i) Show that c = 6. (3 marks)
(ii) Find E(XY Z). (3 marks)

(d) (i) Define a partition of the sample space Ω and give an example of (Ω,F) with a valid
partition. (3 marks)

(ii) Prove the law of the total expectation for a discrete random variable X. I.e. consider
a partition {Bi : i ∈ I} of Ω with P(Bi) > 0 for all i ∈ I. Let X denote a discrete
random variable with finite expectation. Show that

E(X) =
∑
i∈I

E(X|Bi)P(Bi),

whenever the sum converges absolutely. (3 marks)

(Total: 20 marks)
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4. (a) Suppose that the random variables X1, X2, . . . , Xn are independent and each follows a normal
distribution with mean µ and variance σ2. We define the following estimators

X = 1
n

n∑
i=1

Xi, S2 = 1
n− 1

n∑
i=1

(Xi −X)2, Z = 1
n

n∑
i=1

(Xi −X)2,

where X is an estimator of µ, and S2 and Z are estimators of σ2. Carefully justifying all your
steps and stating any results used:

(i) Find the distribution of X. (3 marks)
(ii) Given that E(S2) = σ2, compute E(Z). (1 mark)

(iii) Given that Var(S2) = 2σ4

n− 1 , compute Var(Z). (1 mark)

(iv) Compute the bias of Z. (1 mark)
(v) Compute the mean squared error of Z. (2 marks)
(vi) Choose a constant b so that the quantity bZ has a chi-squared distribution,

and state the degrees of freedom for this chi-squared distribution. (2 marks)
(vii) Compute Cov(X,Z). (2 marks)

(b) Markov’s inequality states that if a random variable X can only take nonnegative values, then

P(X ≥ a) ≤ E(X)
a

, for all a > 0.

Prove Markov’s inequality. (4 marks)

(c) Suppose that a medical research lab is testing for the association of different genetic variants
with a particular disease. The research team decides in advance that a significance threshold
of α = 0.01 will be used for each test. A total of 100 genetic variants are tested for association
based on the data the team has available. The following table lists the five smallest p-values
(in decreasing order) and the genetic variants for which these p-values were found:

Genetic variant A B C D E

p-value from test 3× 10−2 9× 10−3 4× 10−4 2× 10−5 5× 10−6

Which of the genetic variants in the table (if any) should the research team declare to be
significantly associated with the disease given the data, the statistical test and the significance
threshold that were used? Provide justification and state any results used. (4 marks)

(Total: 20 marks)
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5. (a) Given a sample of real-valued observations x1, x2, . . . , xn, prove that for any constant a ∈ R
n∑
i=1

(xi − x)2 ≤
n∑
i=1

(xi − a)2,

where x = 1
n

∑n
i=1 xi is the sample mean of the observations. (4 marks)

(b) Given n pairs of observations (x1, y1), (x2, y2), . . . , (xn, yn) for quantities X and Y , define
the sample means x = 1

n

∑n
i=1 xi and y = 1

n

∑n
i=1 yi and define

Sxx =
n∑
i=1

(xi − x)2, Syy =
n∑
i=1

(yi − y)2, Sxy =
n∑
i=1

(xi − x)(yi − y).

Consider the model given by

yi = β0 + β1xi + ei, i ∈ {1, 2, . . . , n},

where the ei, i ∈ {1, 2, . . . , n}, are unobservable errors. Find the estimates β̂0 and β̂1 of the
parameters β0 and β1, respectively, such that

n∑
i=1

(yi − β̂0 − β̂1xi)2 = min
b0,b1

n∑
i=1

(yi − b0 − b1xi)2.

(7 marks)
(c) Suppose we have two samples of data, independent observations x1, x2, . . . , xn of the random

variable X and independent observations y1, y2, . . . , ym of the random variable Y . We wish
to use the two-sample t-test to decide whether or not µX = E(X) and µY = E(Y ) are equal.
(i) What is the null hypothesis for the t-test in this case? (1 mark)
(ii) What assumptions are required in order to have theoretical justification for conducting

the t-test in this case? (2 marks)
(d) Suppose that the random variablesX1, X2, . . . , Xn are independent and identically distributed

according to a uniform distribution on the closed interval [0, θ], for some parameter θ > 0,
where the exact value of the parameter θ is unknown. Given that X = (X1, X2, . . . Xn)
is observed as x = (x1, x2, . . . , xn), find the maximum likelihood estimator of θ. Provide
justification for all of your steps. (6 marks)

(Total: 20 marks)

Hint: If X is uniformly distributed on the interval [a, b], with a < b, then its probability density
function fX is given by

fX(x) =


1
b−a , for x ∈ [a, b],

0, otherwise.
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Note that this question is split over two pages. Please turn the page to see the rest of
Question 6.

6. (a) Suppose that the random variables Y1, Y2, . . . , Yn are independent and identically distributed
according to a distribution FY , which has an unknown mean µ that we wish to estimate.
Suppose that Y = (Y1, Y2, . . . , Yn) is observed as y = (y1, y2, . . . , yn), and we are given that

y = 1
n

n∑
i=1

yi = 5, 1
n− 1

n∑
i=1

(yi − y)2 = 4, n = 10.

Noting that you have access to Tables 1 and 2 below:

(i) If we can assume that the random variables Y1, Y2, . . . , Yn are normally distributed with
variance Var(Y ) = σ2 = 9, construct a 90% confidence interval for the unknown mean
µ based on the data y. (2 marks)

(ii) If we can assume that the random variables Y1, Y2, . . . , Yn are normally distributed but the
variance Var(Y ) = σ2 is unknown, construct a 95% confidence interval for the unknown
mean µ based on the data y. (2 marks)

(iii) If we cannot assume that the random variables Y1, Y2, . . . , Yn are normally distributed but
we can assume that the variance is Var(Y ) = σ2 = 16, construct a confidence interval
for the unknown mean µ = E(Y ) which has coverage probability at least 0.99, whatever
the distribution of FY . (2 marks)

Table 1: Partial table showing values of

t for P(T < t), where T has Student’s

t-distribution with ν degrees of freedom

ν 0.90 0.95 0.975 0.99

7 1.415 1.895 2.365 2.998

8 1.397 1.860 2.306 2.896

9 1.383 1.833 2.262 2.821

10 1.372 1.812 2.228 2.764

Table 2: Partial table showing

values of z for P(Z < z), where

Z has a standard normal distribution

z P(Z < z)

1.281 0.900

1.645 0.950

1.960 0.975

2.326 0.990

[IMPORTANT: Question 6 continues on the next page.]
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[Question 6 continues on this page]

(b) Suppose one fits a simple linear regression model to the data (x1, y1), (x2, y2), . . . , (xn, yn)
as

Yi = β0 + β1g(xi) + εi, i ∈ {1, 2, . . . , n},
where g : R→ R is some univariate transformation and n = 20.
(i) What joint distribution are the errors εi assumed to follow? (1 mark)
(ii) For two different choices of transformation g, one has two models with the fitted residuals

ε̂i = yi − β̂0 − β̂1g(xi) shown in the figures below. For each model, state whether the
model fits the data well or not and justify your answer. (4 marks)
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(c) Suppose that the random variables Z1, Z2, . . . , Zn are independent and identically distributed
as an exponential distribution with unknown parameter θ, which has probability density
function

f(z) = θ exp(−θz), with support z > 0.

Following a Bayesian approach and assuming that θ is a random variable with a Γ(α, β) prior
which has probability density function

π(θ) = βα

Γ(α)θ
α−1 exp(−βθ), with support θ > 0,

and given that Z = (Z1, Z2, . . . , Zn) is observed as z = (z1, z2, . . . , zn), find the posterior
distribution of θ given z and give the name of this distribution. (3 marks)

(d) Suppose that a random variable X has mean E(X) = 2, another random variable Y has
mean E(Y ) = 3, and it is known that E(XY ) = 4. It is also known that 2 ≤ Y ≤ 5. Find a
nontrivial lower bound on the standard deviation of X. (6 marks)

(Total: 20 marks)
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seen ⇓1. (a) Let Ω be a set. A collection of subsets of Ω denoted by F is called a σ-algebra if

1. ∅ ∈ F ,

2. F is closed under complements, i.e. A ∈ F ⇒ Ac ∈ F , and

3. F is closed under countable union, i.e. A1, A2, · · · ∈ F ⇒ ∪∞i=1Ai ∈ F . 3, A

seen ⇓
(b) A mapping P : F → R is called a probability measure on (Ω,F) if it satisfies three

conditions:

(i) P(A) ≥ 0 for all events A ∈ F ,

(ii) P(Ω) = 1,

(iii) For any sequence of disjoint events A1, A2, A3, · · · ∈ F we have

P

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

P(Ai).

[Note that by ”disjoint events” we mean that Ai ∩Aj = ∅ for all i 6= j.] 3, A

sim. seen ⇓
(c) Let T ≡ “Test positive”, S ≡ “Sufferer”. Then P(T |S) = 0.9, P(T |Sc) = 0.2,

P(S) = 0.1.

(i) Using the law of total probability, we have

P(T ) = P(T |S)P(S) + P(T |Sc)P(Sc) =
9

10
× 1

10
+

2

10
× 9

10
= 0.27.

3, B
(ii) By Bayes’ formula, we have

P(S|T ) =
P(T |S)P(S)

P(T )
=

9
10 ×

1
10

27
100

=
1

3
.

3, B

unseen ⇓
(d) We present an elementary solution here, followed by the general solution in Part

(b): We can write down all possible 3-tuples of numbers which sum up to 7:

∗ (1, 3, 3) with 3!/2! = 3 possible arrangements (where we adjusted for over-

counting since the number 3 appears twice),

∗ (1, 1, 5) with 3!/2! = 3 possible arrangements,

∗ (2, 2, 3) with 3!/2! = 3 possible arrangements,

∗ (1, 2, 4) with 3! = 6 possible arrangements.

Hence there are 3 + 3 + 3 + 6 = 15 possibilities of writing the number 7 as a sum

of 3 positive integers. 4, B

unseen ⇓
(e) We can use a stars and bars argument:

1, C

Clearly, there are 0 possibilities if k < n. Suppose that k ≥ n. Then we represent

the number k as k stars which we would like to place in n bins such that each

bin contains at least one object (since we have the restriction that all addends are

positive integers). We can first write the k stars in one line. Then there are k − 1

possible gaps between the stars, where a bar could be inserted to separate the bins.

We need to select n − 1 gaps out of the k − 1 gaps, to create the n bins, so in

total we have
(
k−1
n−1
)

possibilities. 3, D

E.g. in the case of Part (a), one possible configuration is ∗| ∗ ∗ ∗ | ∗ ∗∗, where we

have 1 star in the first bin, followed by 3 stars in the next bin, followed by 3 stars

in the last bin.
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meth seen ⇓2. (a) We check the two defining properties of a discrete random variable:

∗ ImX is a countable subset of R since ImX = {ω+5 : ω ∈ Ω} = {6, 7, . . . , 15}
is a finite set.

∗ X−1(x) ∈ F for all x ∈ R since, 1, C

· for all x ∈ ImX, we have X−1(x) = {ω ∈ Ω : X(ω) = x} = {x− 5} ∈ Ω

and since F = P(Ω), we have that X−1(x) ∈ F , and

· for all x ∈ R \ ImX, we have X−1(x) = ∅ ∈ F . 2, C

meth seen ⇓
(b) The cumulative distribution function is given by

FX(x) = P(X ≤ x) =


0, for x ∈ (−∞, 3),
1
2 , for x ∈ [3, 5),
7
10 , for x ∈ [5, 100),

1, for x ∈ [100,∞).

4, A

meth seen ⇓
(c) (i) First we derive the cumulative distribution function of a geometric distribution.

Let k ∈ N, then

FX(k) = P(X ≤ k) =

k∑
x=1

(1− p1)x−1p1 =

k−1∑
x=0

(1− p1)xp1

geom. series
= p1

1− (1− p1)k

1− (1− p1)
= 1− (1− p1)k.

So, in general we have 2, A

FX(x) =

{
0, if x < 1,

1− (1− p1)bxc, if x ≥ 1.

Hence P(X > x) = (1− p1)bxc for x ≥ 1. Similarly,

FY (y) =

{
0, if y < 1,

1− (1− p2)byc, if y ≥ 1.

1, B

unseen ⇓
(ii) Then, for z < 1 we have FZ(z) = 0 and for z ≥ 1, we have

P(Z ≤ z) = 1− P(Z > z) = 1− P(X > z, Y > z)

X,Y independent
= 1− P(X > z)P(Y > z)

= 1− (1− p1)bzc(1− p2)bzc = 1− {1− [1− (1− p1)(1− p2)]}bzc.

Hence we deduced that Z follows the geometric distribution with parameter

1− (1− p1)(1− p2). 4, C
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(d) We recall that the geometric distribution (as defined in the hint) arises when we

count the number of independent Bernoulli trials needed to obtain the first success.

Here we first need to wait until we see the first Heads appearing. This waiting time

can hence be described by a geometric random variable X, say, with parameter 0.5

(since the coin is fair). After we have obtained Heads for the first time, we need to

continue tossing the coin until we obtain Tails for the first time after having tossed

Heads. Again, this waiting time can be described by a geometric random variable

Y , say, with success probability 0.5. 3, D

We need to compute the mean of a geometric distribution:

E(X) =
∞∑
x=1

xP(X = x) =
∞∑
x=1

x(1− p)x−1p = p
∞∑
x=1

x(1− p)x−1.

Note that 1, B

∞∑
x=1

x(1− p)x−1 = (−1)
d

dp

∞∑
x=0

(1− p)x

geom. series
= (−1)

d

dp

1

1− (1− p)
= − d

dp
p−1 = p−2.

Hence

E(X) = p× p−2 = p−1.

Overall, we get that, on average, we need to wait for 1, C

E(X) + E(Y ) = 2 + 2 = 4

tosses. 1, A
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seen ⇓3. (a) We need that f(x) ≥ 0 for all x ∈ R and that
∫∞
−∞ f(x)dx = 1.

2, A

meth seen ⇓

(b) (i) We have
∫ 1
0 3xdx = 3

2x
2
∣∣1
0

= 3
2 . Hence, f is not a valid p.d.f.. However, if we

choose c = 2
3 , then cf(x) ≥ 0 for all x ∈ R and

∫∞
−∞ cf(x)dx = 1.

2, A
(ii) f is not a valid p.d.f. since it takes negative values. However, if we choose

c = −1, then cf(x) ≥ 0 for all x ∈ R and
∫∞
−∞ cf(x)dx = 1.

2, A(iii) f is not a valid p.d.f. since it takes negative values. Since it takes positive and

negative values we cannot find a constant c which ensures that cf(x) ≥ 0 for

all x ∈ R. 2, A

meth seen ⇓
(c) (i) We compute∫ ∞

−∞

∫ ∞
−∞

∫ ∞
−∞

fX,Y,Z(x, y, z)dxdydz =

∫ 1

0

∫ z

0

∫ y

0
cdxdydz =

∫ 1

0

∫ z

0
cydydz

=

∫ 1

0

c

2
z2dz =

c

6
.

Hence, we need to choose c = 6 to obtain a nonnegative function which

integrates to 1. 3, D

unseen ⇓
(ii) We use the three-dimensional law of the unconscious statistician to conclude

that

E(XY Z) =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

xyzfX,Y,Z(x, y, z)dxdydz = 6

∫ 1

0

∫ z

0

∫ y

0
xyzdxdydz

= 6

∫ 1

0

∫ z

0

1

2
y3zdydz = 3

∫ 1

0

1

4
z5dz =

3

4× 6
=

1

8
.

3, D

seen ⇓
(d) (i) A partition of the sample space Ω is a collection {Bi : i ∈ I} (for a countable

index set I) of disjoint events (meaning that Bi ∈ F and Bi ∩ Bj = ∅ for

i 6= j) such that Ω =
⋃
i∈I Bi. 2, A

Example: Ω = {0, 1},F = {∅, {0}, {1},Ω} and partition {{0}, {1}}.
1, A

seen ⇓
(ii) First we use the definition of the expectation, followed by the law of total

probability:

E(X) =
∑
x

xP(X = x) =
∑
x

x
∑
i∈I

P(X = x|Bi)P(Bi)

=
∑
i∈I

P(Bi)
∑
x

xP(X = x|Bi) =
∑
i∈I

P(Bi)E(X|Bi).

We use the fact that the series is absolutely convergent to justify that we are

allowed to change the order of summation. 3, B
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seen ⇓4. (a) (i) By a result in lectures (can be shown using moment generating functions)

Each Xi is normally distributed,

⇒Each
1

n
Xi is normally distributed,

⇒X =
n∑
i=1

(
1

n
Xi

)
is normally distributed.

Using the linearity of expectation, 1, A

E(X) =
1

n

n∑
i=1

E(Xi) =
1

n

n∑
i=1

µ =
1

n
(nµ) = µ.

Since the Xi are independent, using properties of the variance operator, 1, A

Var(X) =
1

n2

n∑
i=1

Var(Xi) =
1

n2

n∑
i=1

σ2 =
1

n2
(nσ2) =

σ2

n
.

1, A

(It would also be acceptable to state that E(X) = µ and Var(X) = σ2

n

by a result proved in lectures, since the X1, X2, . . . , Xn are independent and

identically distributed.) Therefore, X ∼ N(µ, σ
2

n ).

meth seen ⇓
(ii) Noticing that Z = n−1

n S2 and using the linearity of expectation,

E(Z) = E

(
n− 1

n
S2

)
=
n− 1

n
E
(
S2
)

=

(
n− 1

n

)
σ2.

1, A

meth seen ⇓
(iii) Noticing that Z = n−1

n S2 and using the property of the variance,

Var(Z) = Var

(
n− 1

n
S2

)
=

(
n− 1

n

)2

Var
(
S2
)

=

(
n− 1

n

)2 2σ4

n− 1

⇒ Var(Z) =
2(n− 1)σ4

n2
.

1, A

sim. seen ⇓
(iv) The bias of an estimator Θ̂ of a parameter θ is defined as bθ(Θ̂) = E(Θ̂)− θ.

Therefore, using the result from (ii), the bias of Z estimating σ2 is

bσ2(Ẑ) = E(Z)− σ2 =

(
n− 1

n

)
σ2 − σ2 =

(
−1

n

)
σ2.

1, A
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meth seen ⇓(v) A theorem was proved in lectures which stated that, for any estimator Θ̂ of a

parameter θ, the mean squared error of Θ̂ is

E[(Θ̂− θ)2] =
[
bθ(Θ̂)

]2
+ Var(Θ̂),

where bθ(Θ̂) is the bias Θ̂. Therefore, using the results from (iii) and (iv),

E[(Z − σ2)2] = [bσ2(Z)]2 + Var(Z)

=

[(
−1

n

)
σ2
]2

+
2(n− 1)σ4

n2

=
σ4

n2
+

(2n− 2)σ4

n2
=

(2n− 1)σ4

n2
.

2, A

sim. seen ⇓
(vi) Since the X1, X2, . . . , Xn are i.i.d. N(µ, σ2), a theorem from lectures states

that

(n− 1)S2

σ2
∼ χ2

n−1,

where χ2
n−1 is a chi-squared distribution with n−1 degrees of freedom. Then,

taking b = n
σ2 > 0,

bZ =
nZ

σ2
=

(n− 1)S2

σ2
∼ χ2

n−1.

2, B

sim. seen ⇓
(vii) Since the X1, X2, . . . , Xn are i.i.d. N(µ, σ2), a theorem from lectures states

that X and S2 are independent. Therefore, using the (bi)linearity of the

covariance,

Cov(X,Z) = Cov(X,
n− 1

n
S2) =

n− 1

n
Cov(X,S2) =

n− 1

n
× 0 = 0

since the covariance of two independent random variables is 0 (by another

result in lectures). 2, B
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seen ⇓(b) Fix a positive number a > 0, and define the random variable

Ya =

{
0, if X < a,

a, if X ≥ a.

This definition of Ya ensures that Ya ≤ X for all values of a and X. Therefore:

E(Ya) ≤ E(X).

2, B

On the other hand, since Ya is a discrete random variable, one can computes its

expectation as

E(Ya) = 0× P(X < a) + a× P(X ≥ a).

1, A

Combining the above equations, one obtains

a× P(X ≥ a) ≤ E(X),

from which the Markov inequality follows. 1, A

sim. seen ⇓
(c) Although four of the five p-values in the table are below the threshold α = 0.01,

we need to account for the multiple testing and include a correction for multiple

hypothesis testing. 1, C

Since there are 100 tests, if we use the Bonferroni correction the adjusted

significance threshold would be α′ = α/100 = 0.0001 = 10−4. 2, C

Comparing the p-values in the table to this adjusted threshold, we see that only

2 × 10−5 < α′ and 5 × 10−6 < α′. Therefore, the research team should only

conclude that two of the genetic variants, Genetic variant D and Genetic variant

E, are significantly associated with the disease. 1, C

M40005 Probability and Statistics (Solutions) (2020) Page 8 of 16



seen ⇓5. (a)

n∑
i=1

(xi − a)2 =
n∑
i=1

[(xi − x) + (x− a)]2

=
n∑
i=1

[(xi − x)2 + 2(xi − x)(x− a) + (x− a)2]

=
n∑
i=1

(xi − x)2 + 2(x− a)
n∑
i=1

(xi − x) +
n∑
i=1

(x− a)2

=
n∑
i=1

(xi − x)2 + 2(x− a)× 0 + n(x− a)2

=
n∑
i=1

(xi − x)2 + n(x− a)2,

where between the third line and the fourth line we used 1, A

n∑
i=1

(xi − x) =
n∑
i=1

xi −
n∑
i=1

x = nx− nx = 0.

Since n(x− a)2 ≥ 0, 1, A

n∑
i=1

(xi − a)2 ≥
n∑
i=1

(xi − x)2,

with equality only when x = a, which proves the result. 2, A
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seen ⇓(b) Define G(b0, b1) :=
∑n

i=1[yi − b0 − b1xi]2. Then

G(b0, b1) =
n∑
i=1

[yi − (b0 + b1xi)]
2 =

n∑
i=1

[(yi − b1xi)− b0]2.

1, A

Using 2 (a), this is minimised when

b0 =
1

n

n∑
i=1

(yi − b1xi) = y − b1x.

2, A

Returning to the expression for G(b0, b1), and substituting in the value we have

just found for b0,

G(b0, b1) =

n∑
i=1

[(yi − b1xi)− b0]2

=

n∑
i=1

[(yi − b1xi)− (y − b1x)]2

=
n∑
i=1

[(yi − y)− b1(xi − x)]2

=
n∑
i=1

[(yi − y)2 − 2b1(xi − x)(yi − y) + b21(xi − x)2] = Syy − 2b1Sxy + b21Sxx.

Completing the square, 1, A

G(b0, b1) = Syy − 2b1Sxy + b21Sxx

= Sxx

(
b21 − 2b1

Sxy
Sxx

+
Syy
Sxx

)
= Sxx

(
b21 − 2b1

Sxy
Sxx

+

(
Sxy
Sxx

)2

+
Syy
Sxx
−
(
Sxy
Sxx

)2
)

= Sxx

([
b1 −

Sxy
Sxx

]2
+
Syy
Sxx
−
(
Sxy
Sxx

)2
)

= Sxx

[
b1 −

Sxy
Sxx

]2
+ Syy −

(Sxy)
2

Sxx

which shows that G(b0, b1) is minimised when b1 =
Sxy

Sxx
. Therefore, the parameter 2, B

values that minimise G(b0, b1) are

β̂0 = y − β̂1x = y −
(
Sxy
Sxx

)
x,

β̂1 =
Sxy
Sxx

.

1, A

Note that a calculus-based solution is also acceptable, provided it proves that β̂0
and β̂1 minimise G(b0, b1) globally.
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seen ⇓(c) (i) The null hypothesis is that the means µX and µY are equal, i.e.

H0 : µX = µY .

1, A

(ii) In order to use the t-test with full theoretical justification, it must be assumed

that the random variables X and Y follow normal distributions and that

Var(X) = Var(Y ). 2, B

(The t-test can be applied in the case that Var(X) 6= Var(Y ) by using an

approximation, but then the test is not exact.)

unseen ⇓
(d) The probability density function f(xi|θ) for observation xi, where i ∈ {1, 2, . . . n},

has the form

f(xi|θ) =

{
1
θ , if 0 ≤ xi ≤ θ,
0, otherwise.

Since the random variables X1, X2, . . . , Xn are independent, the joint probability

density function f(x|θ) of X1, X2, . . . , Xn can be written as

f(x|θ) =
n∏
i=1

f(xi|θ) =

{
1
θn , if 0 ≤ xi ≤ θ, for all i ∈ {1, 2, . . . n},
0, otherwise.

2, D

Since the joint likelihood L(θ|x) = f(x|θ), the maximum likelihood estimate of θ

must be a value of θ such that (i) xi ≤ θ for i ∈ {1, 2, . . . n} and (ii) this value

maximises 1/θn among all possible values for θ.

Since 1/θn is a decreasing function of θ, the maximum likelihood estimate will be

the smallest value of θ such that xi ≤ θ for i ∈ {1, 2, . . . n}.
Therefore, the maximum likelihood estimate of θ is θ̂ = max{x1, x2, . . . , xn}, and

the maximum likelihood estimator is θ̂ = max{X1, X2, . . . , Xn}. 4, D
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meth seen ⇓6. (a) Confidence intervals:

(i) Since Y ∼ N(µ, σ
2

n ), and for Z ∼ N(0, 1) it is given in the table that

P(−1.645 < Z < 1.645) ≈ 0.90, we can construct a 90% confidence interval

for µ as

(y − 1.645
σ√
n
, y + 1.645

σ√
n

) = (5− 1.645
3√
10
, 5 + 1.645

3√
10

).

2, A

(ii) If we cannot assume the variance is known, we can use the t-distribution with

the sample variance, which in this case is given as s2 = 4. 1, A

Using the table, we need to look up the value for 10−1 = 9 degrees of freedom.

The table gives this value as 2.262 (since for a 95% confidence interval,

P(−2.262 < T < 2.262) ≈ 0.95). Therefore, a 95% confidence interval is

(y − 2.262
s√
n
, y + 2.262

s√
n

) = (5− 2.262
2√
10
, 5 + 2.262

2√
10

).

1, B

(iii) In the case we do not know the distribution, we can use Chebyshev’s inequality

which states that for any k > 0,

P(|Y − µ| < k
σ√
n

) ≥ 1− 1

k2

⇒
(
Y − k σ√

n
< µ < Y + k

σ√
n

)
≥ 1− 1

k2
.

Taking k = 10, we have the 99% confidence interval

(5− 10
4√
10

< µ < 5 + 10
4√
10

)

= (5− 4
√

10 < µ < 5 + 4
√

10).

2, C
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seen ⇓(b) (i) Each εi is assumed to follow a normal distribution with mean 0 and unknown

variance σ2, for i ∈ {1, 2, . . . , n}, and the εi are also assumed to be

independent. In other words, ε = (ε1, ε2, . . . , εn) follows a joint (multivariate) 1, B

Gaussian distribution with mean 0 = (0, 0, . . . , 0)T and covariance

Σ =


σ2 0 . . . 0

0 σ2 . . . 0
...

...
. . .

...

0 0 . . . σ2


(i.e. a covariance matrix with each entry on the diagonal equal to σ2 and all

other entries 0).

sim. seen ⇓
(ii) Model 1 does not appear to fit the data well.

1, BThe reason is that there is clearly trend in the residuals (or: they appear to

follow a ”U”-shape), and they do not appear to be independently normally

distributed. 1, C

Model 2 appears to fit the data well. 1, B

The reason is that the residuals appear to be normally distributed around 0,

and they appear to be independent of each other. 1, B
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seen ⇓(c) Since the random variables Zi are independent and since z = 1
n

∑n
i=1 zi, the joint

probability density function of Z = (Z1, Z2, . . . , Zn) given θ is

f(z|θ) =
n∏
i=1

f(zi|θ) =
n∏
i=1

θ exp(−θzi) = θn exp

(
−θ

n∑
i=1

zi

)
= θn exp(−θnz),

for z1, z2, . . . , zn > 0, otherwise f(z|θ) = 0.

Note that this is the same as the likelihood of θ given the data z. The posterior 1, A

probability density function is proportional to the product of the prior and the

likelihood:

π(θ|z) ∝ f(z|θ)π(θ) = θn exp(−θnz) βα

Γ(α)
θα−1 exp(−βθ)

1, C

∝ θn+α−1 exp(−θ(nz + β))

∝
(

(nz + β)n+α

Γ(n+ α)

)
θn+α−1 exp(−θ(nz + β)).

This last expression is the probability density function of a Γ(n + α, nz + β)

distribution, which shows that the posterior distribution of θ is a Γ(n+α, nz + β)

distribution. 1, C
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unseen ⇓(d) It can be shown (for any two random variables X and Y ) that

Cov(X,Y ) = E(XY )− E(X)E(Y ).

This follows from the definition of covariance and was also shown in a problem

sheet. Therefore, Cov(X,Y ) = 4− 2× 3 = −2. 2, D

The correlation between X and Y , denoted ρXY , is defined as

ρXY =
Cov(X,Y )√

Var(X)
√

Var(Y )
.

It was also proved in lectures that −1 ≤ ρXY ≤ 1. Therefore,

[Cov(X,Y )]2

Var(X)Var(Y )
= (ρXY )2 ≤ 1.

1, D

Therefore,

Var(X) ≥ [Cov(X,Y )]2

Var(Y )
=

4

Var(Y )
.

Since Y is bounded on the interval [2, 5], it is a theorem in the notes (proved in

Problem Sheet 8), that Var(Y ) ≤ (5−2)2
4 = 9

4 , which implies 1, D

1

Var(Y )
≥ 4

9

⇒Var(X) ≥ 4

Var(Y )
≥ 4× 4

9
=

16

9
.

Therefore, the standard deviation of X is bounded below by 4
3 , i.e.

√
Var(X) ≥ 4

3 .

2, D
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Review of mark distribution:

Total A marks: 48 of 48 marks

Total B marks: 30 of 30 marks

Total C marks: 18 of 18 marks

Total D marks: 24 of 24 marks

Total marks: 120 of 120 marks
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ExamModuleCode QuestionNComments for Students

MATH40005 1

Q1 has generally been answered very well by most students. If students lost any marks, then it 
was typically in 1c) when some students did not state that they used the law of total 
probability/the Bayes formula or the definition of the conditional probability or in 1e) where 
some students forgot to state that there are no possibilities for k<n and other students did not 
know how to tackle this general case at all.

MATH40005 2

In parts b and ci many did not know that the domain of a CDF is the reals not the sample space. 
In part cii there was a shortcut available if one thought about the physical experiment 
represented: Z=min(X,Y) is the first time either of two series has a success, and the prob of either 
having a success is 1‐prob(both fail)=1‐(1‐p1)*(1‐p2). Only a few students did this. In part d 
students used two main approaches: recognizing the allowed patterns of tosses (i.e. k tails + n‐1‐
k heads + tail, with k=0…n‐2) or defining a recursive equation for the expected value with the law 
of total probability. The first involved summing an infinite series while the second was very 
creative and involved only a very simple calculation. No one took the approach of the “official” 
solution: flips until the first head is a geometric variable, so is flips til the first tail. Therefore, 
expected flips is the sum of two Geo(1/2)’s = 2+2.

MATH40005 3

Students did very well overall on (a) and (b). In (c) some students made the mistake of assuming 
that X, Y, and Z were independent. In (d) many students forgot to give a complete example in (i) 
and to use absolute convergence in (ii).

MATH40005 4

4(a)(i)‐(iv) were generally answered well, but many students found parts 4(a)(v)‐(vii) tricky. While 
the proof of Theorem 1.7.2 in the notes was not examinable, it was emphasised several times in 
class that the statement of the theorem was examinable, and this was required in order to solve 
Q4(a)(vi) and Q4(a)(vii). 

In 4(c), very few students got 4/4 by discussing the issue of multiple testing. Here one needed to 
recognise the multiple hypothesis testing problem and account for it using the Bonferroni 
correction, covered in class and the lecture notes. A similar exercise was included in a problem 
sheet.

MATH40005 5

Parts a and b were correctly answered by most of the students; some justifications  in the proofs 
were sometimes missing. Part d: some students incorrectly stated the null hypothesis or forgot to 
mention one of the two assumptions. Part d ‐‐ some students forgot to mention that the 
likelihood was equal to 0 for some values of the parameter and therefore could not find the 
maximum likelihood. Many students correctly identified the maximum likelihood estimator but 
did not clearly justify all the steps.

If your module is taught across multiple year levels, you might have received this form for each level of the module. You are only required to fill this out once for each question.

Please record below, some brief but non‐trivial comments for students about how well (or otherwise) the questions were answered. For example, you may wish to comment on common errors and 
misconceptions, or areas where students have done well. These comments should note any errors in and corrections to the paper. These comments will be made available to students via the MathsCentral 
Blackboard site and should not contain any information which identifies individual candidates. Any comments which should be kept confidential should be included as confidential comments for the  Exam 
Board and Externals. If you would like to add formulas, please include a sperate pdf file with your email. 



MATH40005 6

Q6(a) was generally answered well, and something similar was seen in PBL 14, although a 
common mistake was to forget to divide the variance (sigma^2 or s^2) by n. For Q6(b)(i), a 
common mistake was to not mention that the residuals are assumed to be independent ‐ this 
needed to be mentioned in order to get the mark, since it is crucial for part 6(b)(ii). For Q6(d) one 
needs to recall that the correlation is between ‐1 and 1, or use Theorem 4.1.6 in the notes, as 
well as Prop. 1.1.13 in the notes which concerns the variance of bounded random variables; most 
students who attempted this question got at least part of the solution.
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