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Question 1

In the order 1, 3, 2, 4 the weighted Laplacian is

𝐿 =

©­­­«
𝑐 + 1 0 −𝑐 −1

0 𝑐 + 1 −1 −𝑐
−𝑐 −1 𝑐 + 2 −1
−1 −𝑐 −1 𝑐 + 2

ª®®®¬ .
The limiting networks give 𝐶 (0) = 1/3 and 𝐶 (∞) = 3. KCL gives

𝑣2 =
𝑐 + 1
𝑐 + 3

, 𝑣4 =
2

𝑐 + 3
.

The input current is

𝐶 (𝑐) = 𝑐(1 − 𝑣2) + (1 − 𝑣4) =
3𝑐 + 1
𝑐 + 3

.

For a series connection with parameters 𝑐 and 1/𝑐,

𝐶series =
(𝑐 + 3) (3𝑐 + 1)
2(5𝑐2 + 6𝑐 + 5)

.

Question difficulty allocation: 𝐴 = 8, 𝐵 = 4, 𝐶 = 4, 𝐷 = 4.

Question 2

The vertex and edge counts are

𝑉𝑛 = 1 + 3 + · · · + 3𝑛 =
3𝑛+1 − 1

2
, 𝐸𝑛 = 3 + · · · + 3𝑛 =

3𝑛+1 − 3
2

.

Each generation- 𝑗 layer consists of 3 𝑗 equal conductors in parallel, so its resistance is 1/(3 𝑗𝑐 𝑗 ). Hence

𝑅𝑛 =

𝑛∑︁
𝑗=1

1
3 𝑗𝑐 𝑗

, 𝐶𝑛 = 𝑅−1
𝑛 .

For 𝑐 𝑗 = 1,

𝐶𝑛 =
2

1 − 3−𝑛 , 𝐶∞ = 2,

and the voltage in generation 𝑘 is

𝑣𝑘 =
3−𝑘 − 3−𝑛

1 − 3−𝑛 .

For 𝑐 𝑗 = 1/ 𝑗 ,
𝑅∞ =

∑︁
𝑗≥1

𝑗

3 𝑗
=

3
4
, 𝐶∞ =

4
3
.

For 𝑐 𝑗 = 𝑗 ,

𝑅∞ =
∑︁
𝑗≥1

1
𝑗3 𝑗

= log
3
2
, 𝐶∞ =

1
log(3/2) .

Question difficulty allocation: 𝐴 = 4, 𝐵 = 6, 𝐶 = 4, 𝐷 = 6.
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Question 3

For 𝐾5, 𝐿 = 5𝐼 − 𝐽. The effective resistance between any two nodes is 2/5, hence 𝐶12 = 5/2. A convenient orthonormal
eigenbasis is

𝑢0 =
1
√

5
(1, 1, 1, 1, 1)𝑇 , 𝜆0 = 0,

𝑢1 =
1
√

2
(1,−1, 0, 0, 0)𝑇 , 𝑢2 =

1
√

6
(1, 1,−2, 0, 0)𝑇 ,

𝑢3 =
1

√
12

(1, 1, 1,−3, 0)𝑇 , 𝑢4 =
1

√
20

(1, 1, 1, 1,−4)𝑇 ,

all with eigenvalue 5 except 𝑢0. For 𝑓 = 𝑒1 − 𝑒2, only the 𝑢1 mode is present, so

𝑥 =
1
5
𝑓 =

(
1
5
,−1

5
, 0, 0, 0

)𝑇
.

The voltage difference is 2/5, confirming 𝑅 = 2/5 and 𝐶 = 5/2. Question difficulty allocation: 𝐴 = 8, 𝐵 = 4, 𝐶 = 4, 𝐷 = 4.

Question 4

On 𝑧 = 𝑖𝑦, numerator and denominator in the logarithm have equal modulus, so 𝜙 = 0. The finite singularities in 𝑥 > 0 are a
source +𝑚 at 𝑧 = 𝑎 and a sink −𝑚 at 𝑧 = 𝑏.

𝐽𝑥 − 𝑖𝐽𝑦 =
𝑚

2𝜋

(
1

𝑧 − 𝑎 − 1
𝑧 + 𝑎 − 1

𝑧 − 𝑏 + 1
𝑧 + 𝑏

)
.

For 𝑎 = 1, 𝑏 = 3 and 𝑧 = 𝑖𝑦,

𝐽𝑥 (0, 𝑦) =
𝑚

𝜋

(
− 1
𝑦2 + 1

+ 3
𝑦2 + 9

)
, 𝐽𝑦 = 0.

Its zeros are 𝑦 = ±
√

3, 𝐽𝑥 (0, 0) = −2𝑚/(3𝜋), and the tails are positive. The signed wall flux is zero because the source and
sink strengths cancel: ∫ ∞

−∞
𝐽𝑥 (0, 𝑦) 𝑑𝑦 = 0.

Question difficulty allocation: 𝐴 = 12, 𝐵 = 6, 𝐶 = 0, 𝐷 = 2.
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