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Question 1

The Laplacian is
2 -1 -1 0 0 O
-1 3 0 0 -1 -1
I -1 0 3 0 -1 -1
0o o0 o0 2 -1 -1

0 -1 -1 -1 4 -1
0 -1 -1 -1 -1 4

With V| = 1, V4 = 0, symmetry and KCL give

3
V2=V3=§, Vs =V =

(S

k)

and Ce = 2(1 — 3/5) = 4/5. For unit current, scale all voltages by 1/(4/5) = 5/4. Thus the terminal voltage difference is
5/4,
Vo=V; = 3 Vs =Vg = !
2=V3= 7 5=Ve =3

and the current from 3 to 6 is 3/4 — 1/2 = 1/4. Question difficulty allocation: A =8, B=4,C =4,D =4.

Question 2

The reduced Laplacian is

2 -1 0
K=|-1 2 -1
0o -1 2

The three unit-voltage responses are
(1,2/3,1/3)T, (1/2,1,1/2)T, (1/3,2/3, DT,
The corresponding source divergences are 4/3, 1,4 /3. Reciprocity follows from f = Kx, f: KXx and symmetry:
T f=xTkx = (Kx)'x=3Tf.

The Green matrix is

(321
M:K‘I:ZZ42
1 2 3

Question difficulty allocation: A =8, B=4,C=4,D =4.

Question 3

Let L3 be the triangle Laplacian. Since A = L3 + I, symmetric vectors (e, e)” have eigenvalues of L3, while antisymmetric
vectors (e, —e)T have eigenvalues of L3 + 21. The triangle eigenvalues are 0, 3, 3, hence the prism eigenvalues are

0,3,3,2,5,5|

Use any orthonormal triangle basis eg = (1, 1, 1)/V3 and two orthonormal vectors perpendicular to it, then normalise (e, e)
and (e, —e) by 1/V2. For x’ = —Kx, the constant mode is conserved. Every other component decays exponentially. The
slowest non-constant rate is

2|

If the initial mean is zero, x(¢t) — 0. Question difficulty allocation: A =8, B=8,C=0,D =4.
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Question 4

For z = iy, the ratio (a — z)/(a + z) has modulus 1, hence the wall is grounded. The circle equation is

1+ p? 2
(x —x0)> +y> =12, xoz—a( p)’ r= ap.
2 2
1-p 1-p

Onit, Rlog((a —z)/(a+ 7)) =logp,so ¢ =V.

2aV
Je—iJy=—W(z)= — 2"
T D= @ -

On the wall,
2aV

logp (a® +y?)’
Its magnitude is largest at y = 0. The total outward current is

o 27V
—/ Jody = —lo’;p > 0.

Jx(0,y) = Jy=0.

IfV/logp — —m/(2x) and p — 0, the circle shrinks to z = a and the logarithmic singularity has source strength m. Question
difficulty allocation: A =8, B=4,C=4,D =4.



