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1. (a) Consider the matrix

1 2 -2
2 4 —4
M p—y

3 6 -6

4 8 =8
(i)  Find the column space of M. (1 mark)
(i)  Find the right null space of M. (3 marks)
(iii)  Find the row space of M. (1 mark)
(iv)  Find the left null space of M. (3 marks)

(b) The figure shows an electric circuit where each edge is a conductor of unit conductance.
Node is set to unit voltage, node is grounded, and Kirchhoff's current law holds at all
other nodes.

(i)  Find the voltage at node [4] (4 marks)
(i) Find the current in edge (d) and determine its direction. (4 marks)
(iii)  Find the effective conductance of the circuit. (4 marks)

(Total: 20 marks)
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2. (a) Find the effective conductance of the circuit shown below where all edges are conductors of
unit conductance and where node is set to unit voltage and node [=] is grounded.

]

(8 marks)

(b) Find the effective conductance of the circuit shown below where all edges are conductors of
unit conductance and where node is set to unit voltage and node [=] is grounded.

-]

(6 marks)

(c) A random walker takes a journey on the graph shown below. At each node, the walker makes
a random choice as to which connected edge to traverse next, with each edge having equal
probability of being chosen. The journey stops if the walker reaches node or node [=]. On

a journey starting from node , find the probability of reaching node [=] before returning

to node [+ |

(6 marks)

(Total: 20 marks)
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3. This question concerns unsteady particle diffusion on the 4-node linear graph shown in the figure.
Let x(t) = (w1 (1), 2(t), z3(t), 74(t))T be the node vector of particle concentrations at the 4 nodes.

@ L L |
The vector of particle fluxes along the edges, denoted by w, is given by w = —Ax where A is an
incidence matrix for the graph. The evolution in time of the node potential vector x(t) is given by
dx
— =—f;+f
dt I + )

where f; is the vector of divergences of the particle fluxes w at the nodes, and f represents external
sources of particles at the nodes.

Consider the problem where the concentration at node | 4| is fixed to be zero and the concentration
at node is fixed to be 1. There are no external sources of particles at nodes and . The

initial node concentrations, at ¢ = 0, are given by the 4-vector (1,1,1,0)”. The solution x(t) for
the node concentrations therefore has the form

! ZEQ(t) 1
x(t)=1| %) |, x(t) = , x(0) =
0

(a) Show that the solution for X(¢) can be decomposed as
x(t) = x5 +x(t),

where the constant vector x, and the time-dependent vector X(t) satisfy

1 dx(t
KQXS = y X( ) = —Kgf((t>,
0 dt
for a suitable matrix Ky which you should write down explicitly. (4 marks)

(b) By writing
Xs = a1 P + ax Py,

where ®; and ® are the real orthonormal eigenvectors of Ko, find the two constants a; and

ay and the vector x;. (4 marks)
(c) By writing

xX(t) = by (t)P1 + ba(t) Do
for some time-dependent functions by (t) and by(t), determine x(¢) and, by combining it with
the result of part (b), find the solution for X(t). (8 marks)

(d) On the same axes, sketch graphs of z5(t) and x3(t) as functions of time for ¢ > 0.
(4 marks)

(Total: 20 marks)
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4. A metal rod of uniform cross-sectional area occupies the interval 0 < 2 < 1 of the z-axis. It is
a conductor both of current and heat. The steady conduction of heat is governed by Fourier's
law which is analogous to Ohm's law for the conduction of current: for heat conduction, the
temperature T'(x) plays the role of the voltage ¢(x), heat flux plays the role of the current,
and thermal conductivity plays the role of electrical conductivity. This rod has uniform electrical
conductivity equal to unity and uniform thermal conductivity also equal to unity.

(a) The end of the rod at x = 1 is held at unit voltage and the end at x = 0 is grounded.
Assuming there are no sources of current for 0 < x < 1, write down the differential equation

and boundary conditions satisfied by the steady-state voltage ¢(x). (2 marks)
(b)  The electrical energy dissipation density at each location 0 < 2 < 1 in the interior of the rod
is given by
d¢
—— x J(x),
7 < I (@)

where J(z) is the current density. The two ends of the rod at z = 0 and = = 1 are held at
unit temperature. Write down the differential equation and boundary conditions satisfied by
the temperature T'(z) assuming that the electrical energy dissipation density at each point
x in the interior of the rod provides a heat source density at that point and that all the
dissipated electrical energy is converted into heat energy.

(4 marks)
(c) Find the solutions for ¢(z) and T'(z).

(6 marks)
(d) Calculate heat flux leaving the rod at each of its ends. (4 marks)

(e) The device attached to the end of the rod at = = 0 keeping it at unit temperature is now
removed so that there is no external heat sink/source at x = 0. The end of the rod at z =1
is, however, still kept at unit temperature. Find the temperature distribution 7'(x) in this
new situation.

(3 marks)

(f) Calculate heat flux leaving the rod at x = 1 for the situation in part (e). (1 mark)

(Total: 20 marks)
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(ii)

(iii)

It is evident that the second and third columns of M are multiples of the first

column cq, i,e, co = 2¢q and cg = —2c¢q. Therefore the column space is the

space spanned by

=W N =

or, equivalently, all vectors of the form

I R

where a is a constant.
Since
2c;1 —co =0, 2c1+c3=0

then the two right null vectors are

2 2
X1 = -1 N X9 = 0
0 1

The right null space is therefore the space spanned by

2 2
< -1 ) 0 >
0 1

or equivalently any vector of the form

2 2
a -1 + as
0 1

where a1 and ag are constants.

The row space of M is the column space of the matrix

1 2 3 4
MT = 2 4 6 8
-2 -4 —6 -8

This is evidently the space spanned by

1
(0 2
-2
or, equivalently, all vectors of the form
1
a 2
-2

where a is a constant.

(1)

meth seen |}
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(iv)

Letting the columns of M7 be ¢;,j = 1,2,3,4 then evidently
Co = 2¢, C3 = 3¢4, ¢y = 4¢4, (10)

or
2 — ¢, =0, 3¢ —¢e3=0, 4& —es1=0 (11)

so that the following 3 vectors are in the right null space of M’ (which is the
left null space of M):

2 3 4

A -1 . 0 . 0

X1 = 0 , X1 = 1 X1 = 0 . (12)
0 0 -1

The left null space of M is therefore the space spanned by

2 3 4
-1 0 0
, ) 13
8 I I oD (13)
0 0 -1
or equivalently any vector of the form
2 3 4
-1 0 0
ap 0 + as 4 + a3 0 (14)
0 0 -1

where a1, as and ag are constants.

(b)  Using the rule for two conductors in parallel, where the conductances add, the given

circuit is equivalent to

Let the voltage vector be x and the current divergence vector be f. Then these are

related by
Kx =f, (15)
where
1 Ceff
< — 0 ’ £ — —Leff ’ (16)
I3 0



and

The subsystem to solve is

([

The solution is

T4 — X3 Or

It is directed along the voltage drop from node to node .

(iii)

-1
4

)

()

(i) The voltage at node |4 | is therefore

I3
Lq

7

1

)

(

2 -1 0 -1
-1 4 -1 -2
0 -1 2 -1
-1 -2 -1 4

(2
J(1)-

Ty = <

7

4 1
1 2

2 1 1
W= = — = = —
=7 77

) |

(17)

(19)

(20)

By Ohm'’s law, using the unit conductance value, the current in edge (d) is

(21)

By Ohm's law, using the unit conductance values, the current w, in edge (@)

is +1 and the current w, in edge (¢) is 1 —2/7 = 5/7 so the total current
divergence at node , which is the effective conductance, is w, + w, or

5 12
Ce = 1 _ = —
f=1+z=7

(22)

Note: Another approach is to calculate Ceg using the method of equivalent
circuits and then the voltage x4 and the current in edge (c) can be computed

using Ohm's law.
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2. (a) By the method of equivalent circuits, two of the edges are in series and can be

replaced by a single conductor of conductance 1/2 as shown in the figure. Then
assign x and y as the voltages at the two remaining nodes where KCL holds. ’

1

1
= 5 =

_— 1/2 1

These can be found by imposing the averaging condition at these nodes where KCL
holds. These take the form

(-1 +(@—-y) +z=0, (23)
1
J—D+(y—2)+y=0. (24)
These are
3r—y=1 (25)
5y 1 15y 3
42 == - =2 =2 2
T+ 5 5 = 3r + 5 5 (26)
Addition of these two equations gives
13y 5 5
_— = = = — 2
5 =3 YT 3 (27)
Hence 5y 1 25 13 12 6
g="2 =22 (28)

2 272 26 26 13
The effective conductance is the current out of node :

(1—1‘)+;(1—y):1—+<1 5>:7 4 11

=== (2
3) B e @

(b)  This circuit has a symmetry: by subtracting off unity from all node potentials, then

reversing all currents, the effective conductance of the resulting circuit is the same
as that sought, as it evident from the figure:

Using KCL at the two nodes with potential = and y, respectively, gives

r+x—1-2)+2—y=0 (30)
and
(y—(1—2z)+(y—z)=0 (31)
These are
dr—y=1 (32)
and

1
2y:1:>y:§. (33)



z z—1 -1 1—=2 1—
y 0 Yy 0 Yy
subtract 1 from reverse all currents
all node potentials
0 -1 1
1—=x
1 Yy
T
0
Hence
dr =1+ :§:>x:§ (34)
Y73 8
The effective conductance is the total current out of node which is
11
1+(1—(1—x)):1+x:§. (35)

We are seeking the “escape probability” pesc from node to [=] By the electric
circuit analogy, and since there are two edges attached to node , this is

Ceft
Pesc = %7 (36)
where Cly is the effective conductance if node is fixed to unit voltage and node
[=] grounded. But this is the effective conductance of parts (a) and (b) in series

with a unit-conductance conductor joining them, meaning that

1 13 8 32
Cog + 11 + 11 11 (37)
Therefore, o "
_ eff 22
Pesc = 5 o1 (38)
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The governing equation is

dx(t
B _ g (e + £(2), (39)
dt
where K, is the Laplacian of a 4-node linear graph. More explicitly, this equation
is
0 1 -1 0 0 1 fi(t)
dxo/dt -1 2 -1 0 T 0
=_ . 40
dxsz/dt 0o -1 2 -1 x3 * 0 (40)
0 0 0 -1 1 0 fa(t)

The first and last equation give
ﬂfg—l-f-fl(t) =0, 1,‘3+f4(t) =0 (41)

which determine f1(t) and f4(t) once z2(t) and z3(t) have been found. The latter
are determined by the middle two equations which have the form

df;f:) _ Kox(t) + < é ) , (42)
where
K2_<_21 _21> (43)
If
(1) = %, + X(t), (44)

then on substitution into (42), it is clear that

dx(t) - 1
which is solved if
1
Kox, = 46
and a%(1)
X
—— = —Kbux(1). 4
o 2X(t) (47)
The matrix Ky is circulant so its eigenvectors are
1 .
( k ) s w:eQﬂ'l/?:_l’ k:O71. (48)
w

(This result can be quoted from the exam handout, or it is easy to work out the
eigenvectors directly). This gives orthonormal eigenvectors

1 1 1 1
@1:\/§<1>,)\1:1; ‘1)2:\&(_1),)\2:3. (49)

On substitution of the form

Xs = a1P1 + asPo (50)

4, A



into the governing steady equation,

1
Kg(a1¢1 + agq)g) =a1 Py + 3@2@2) = < 0 ) . (51)
Use of orthonormality leads to
1 1 (52)
a; = —, ag = ——
V2 T
hence
2
o= [ 23 (53)
1/3
The next step is to write
X(t) = b1(t)®1 + ba (1) P2 (54)
and to substitute this into (42):
dby (t dbo(t
10 gyt P2 g, — Ko (0 ()21 4 bo(1)82) = b1 (1)1 —B05(1) s, (55)

where the properties of the eigenvectors have been used. The orthonormality of
those eigenvectors now implies

dbs (¢) dba(t)

= —by(¢ = —3by(1). 56
LY, 2 »(1) (56)

These ordinary differential equations have solutions
bl(t) = bl(())eft7 bg(t) = bQ(O)eigt. (57)

It follows from the initial conditions that

%(0) = ( : ) - ( f?g ) +%(0) (58)

implying
- 1/3
x(0) = b1(0)@1 + b2 (0) P2 = 2/3 | (59)
The orthonormality of the eigenvectors now implies
1 1
b1(0) = —, =——. 60
1(0) 7 2(0) 373 (60)
Hence,
. —1 1 —3t 1
%(t) = b1 (0)e '@y + by(0)e 3Dy = % ( X ) - % < ) ) (61)

and therefore

eft e*?)t
&(t):(fg>+2<i>—6<_i>. (62)

The graph of the node concentrations as functions of time is shown in the figure. A
sketch is sufficient showing the key features which are that, as expected, X(t) — x5
as t — oo since this is the steady solution when one boundary is held at unit
concentration and the other grounded.
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0.8 X0 (t)

0.7r

0.6

05r
04r

0.3 *\

02r

node concentrations

0.1r

time ¢
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Following lecture notes, or what is provided on the exam handout, the current
W (x) is given by

d¢
Wi(x) = —== 63
(0) = -2 (63)
since the electrical conductivity is unity and, if there are no current sources, then
iW(:c) =0 (64)
dx -
It follows that 26
27 =0 65
The boundary conditions are
P(0)=0,  ¢(1)=1 (66)

Since the energy dissipation is a local source of heat, and that the thermal
conductivity is unity, then, following the analogy with electric circuits explained
in the question, the equation for T'(z) is

since the thermal conductivity is unity and where the right hand side is a heat
source term. Since both ends of the rod are held at unit temperature the boundary
conditions are

T0)=1, T(1)=1. (68)
The boundary value problem for ¢ in part (a) has solution

p=u (69)

which satisfies both boundary conditions. Since dW/dx = 1 the differential
equation for T'(z) is therefore
d (dT
—|—)=1 70
dz (dw) (70)

The general solution is easily found to be

72

Using the boundary conditions to determine A and B leads to

x(l—x).

T=1+ 5 (72)
The heat flux is
drT 1
—— = ——(1 - 22).
= —s(1-2) (73)
At x = 0 this is T )
= — 4
dx |,_, 2 (74)
and at x =1 this is T )
—@ 121: 5 (75)

4, A

6, D



The heat flux leaving the rod at x = 0 is therefore

(4.

and that leaving the rod at x =1 is

g
dx

r=1

[Note: the total electrical energy dissipation in the rod is

Lrdaw\?
— | dez=1
/0 ( - > . (78)
and this is conducted away from the rod as heat equally at each end.]

(e) The differential equation for T'(x) is still

d (dT
=) =
dz < dz > (79)
with general solution
2
T:—%+Ax+B. (80)

However, the boundary conditions now are

d7T
dzx

=0, T(1)=1. (81)

z=0

This is because there is no heat source/sink at x = 0 meaning that the heat flux
—dT /dx must be zero there. These conditions imply

dTl
E 120: A — 0 (82)
and 1 3
T(l):—§+B:1=>B:§ (83)
giving
z?2 3

Tty o8
(e)

The heat flux leaving the rod at z = 1 for the solution in part (e) is
1,D

drl

S— =1. 85
dz |,_, (85)

[Note: now all the electrical energy is leaving the rod (as heat) at this end].
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Review of mark distribution:
Total A marks: 32 of 32 marks
Total B marks: 20 of 20 marks
Total C marks: 12 of 12 marks
Total D marks: 16 of 16 marks
Total Mastery marks: 0 of 20 marks
Total marks: 80 of 80 marks
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M40007: Introduction to Applied Mathematics Formulas for exam use

e The set of linearly independent vectors

1
Wk
1 2k .
Xp = —— w , w = 2m/n k=01,---,n—1,
Vn .
w(n'—l)k

are complex-valued eigenvectors of an n-by-n circulant matrix.

e The matrix

2 -1 0 0 . 0 0
-1 2 -1 0 . 0 0
o -1 2 -1 0 0
K, = , n>2
o o o o.. 2 -1
o o o o.. -1 2

has orthonormal eigenvectors {®,,} and corresponding eigenvectors {A,}
given by

Tm
Ap=2-2 =1,---,
, Am cos(n+1), m n

e The current density J(x) in a 1D conductor with conductivity distribution
C(x) along the x-axis is related to the voltage distribution ®(x) and the exter-
nal current source density distribution F(x) by

Jx) =~ U py,

e The current density vector j = (J®)(x,y), ¥ (x,y))T in a 2D conductor with
uniform conductivity ¢ located in an (x,y)-plane is related to the voltage dis-
tribution ®(x,y) and the external current source density distribution F(x, y)
in the conductor by

(x)
j(x,y>=(§ <x'y))=—aV<1><x,y>, Vj=Flxy).



M40007: Introduction to Applied Mathematics Formulas for exam use

The voltage potential ®(x, y) in a two-dimensional conductor of uniform con-
ductivity ¢ can be written in terms of an analytic function h(z),

®(x,y) = Re[h(z)], z=x+1y,

where Re].| denotes the real part of the quantity in square brackets. Also,

T (x,y) —i]W(x,y) = —¢-.

If, near some point zj inside the conductor, i(z) has a local form

h(z) = —% log(z — zo) + h(z),
where /1(z) is non-singular at zg, then we say there is a point source of current
of strength m at z.





